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1. Introduction 

Once upon a time regarded as unphysical solutions of General Relativity, black holes 
now occupy the central stage. In astrophysics, there is mounting evidence of stellar size 
and supermassive black holes in binary systems and in galactic centers (see e.g. [1]). 
In theoretical particle physics, black holes are believed to dominate the high energy 
behavior of quantum gravity (e.g. [2]). Moreover, the Bekenstein-Hawking entropy of 
black holes is one of the very few clues in our hands about the nature of quantum 
gravity: just as the macroscopic thermodynamical properties of perfect gases hinted at 
their microscopic atomistic structure, the classical thermodynamical properties of black 
holes suggest the existence of quantized micro-states, whose dynamics should account 
for the macroscopic production of entropy. 

One of the great successes of string theory is to have made this idea precise, at 
least for a certain class of black holes which admittedly are rather remote from reality: 
supersymmetric, charged black holes can indeed be viewed as bound states of D-branes 
and other extended objects, whose microscopic "open-string" fluctuations account for 
the macroscopic Bekenstein-Hawking entropy [3]. In a more modern language, the 
macroscopic gravitational dynamics is holographically encoded in microscopic gauge 
theoretical degrees of freedom living at the conformal boundary of the near-horizon 
region. Irrespective of the language used, the agreement is quantitatively exact in the 
"thermodynamical" limit of large charge, where the counting of the degrees of freedom 
requires only a gross understanding of their dynamics. 

While the prospects of carrying this quantitative agreement over to more realistic 
black holes remain distant, it is interesting to investigate whether the already remark- 
able agreement found for supersymmetric extremal black holes can be pushed beyond 
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the thermodynamical limit. Indeed, this regime in principle allows to probe quantum- 
gravity corrections to the low energy Einstein-Maxwell Lagrangian, while testing our 
description of the microscopic degrees of freedom in greater detail. 

The aim of these lectures is to describe some recent developments in this direction, 
in the context of BPS black holes m. M >2 supergravity. 

In Section 2, wc give an overview of extremal Reissner- Nordstrom black holes, 
recall their embedding in string theory and the subsequent microscopic derivation of 
their entropy at leading order, and briefly discuss an early proposal to relate the exact 
microscopic degeneracies to Fourier coefficients of a certain modular form. 

In Section 3, we recall the essentials of special geometry, and describe the "attractor 
flow" , which governs the radial evolution of the scalar fields and determines the horizon 
geometry in terms of asymptotic charges. We illustrate these results in the context 
of "very special supergravities" , an interesting class of toy models whose symmetries 
properties allow to get very explicit results. 

In Section 4, we give a self-contained introduction to topological string theory, 
which allows to compute an infinite set of higher-derivative "F-term" corrections in 
the low energy Lagrangian. We emphasize the wave function interpretation of the 
holomorphic anomaly, which underlies much of the subsequent developments. 

In Section 5, we discuss the effects of these "F-term" corrections on the macroscopic 
entropy, and formulate the Ooguri-Strominger-Vafa (OSV) conjecture [4], which relates 
these macroscopic corrections to the micro-canonical counting. 

In Section 6, based on [5,6], we submit this conjecture to a precision test, in the 
context of "small black holes" : these arc dual to perturbative heterotic states, and can 
therefore be counted exactly using standard conformal field theory techniques. 

Finally, in Section 7, motivated by a holographic interpretation of the OSV conjec- 
ture put forward by Ooguri, Vafa and Verlinde [7], we turn to the subject of "quantum 
attractor flows". We give a systematic treatment of the radial quantization of BPS 
black holes, and compute the exact radial wave function for a black hole with fixed 
electric and magnetic charges. In the course of this discussion, we find evidence for a 
one-parameter generalization of the usual topological string amplitude, and provide a 
framework for constructing automorphic partition functions for black hole degeneracies 
in theories with a sufficient degree of symmetry, in the spirit (but not the letter) of the 
genus-2 modular forms discussed in Section 2.5. This section is based on [8-11] and 
work in progress [12,13]. 

We have included a number of exercices, most of which are quite easy, which are 
intended to illustrate, complement or extend the discussion in the main text. The 
dedicated student might learn more from solving the exercices than from pondering 
over the text. 
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2. Extremal Black Holes in String Theory 



In this section, we give a general overview of extremal black holes in Einstein-Maxwell 

theory, comment on their embedding in string theory, and outline their microscopic 
description as bound states of D-branes. We also review an early conjecture that 
relates the exact microscopic degeneracies of BPS black holes to Fourier coefficients of 
a certain modular form. We occasionally make use of notions that will be explained 
in later Sections. For a general introduction to black hole thermodynamics, the reader 
may consult e.g. [14,15]. 

2.1 Black Hole Thermodynamics 

Our starting point is the Einstein-Maxwell Lagrangian for gravity and a massless 
Abelian gauge field in 3-1-1 dimensions. 
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Assuming staticity and spherical symmetry, the only solution with electric and magnetic 
charges q and p is the Reissner- Nordstrom black hole 

ds"" = -fip) df + f-\p) dp" + dn\ F = p sin ede Ad(j) + q ^LA^ (2.2) 

P 

where dQ'^ — dO'^ + sin'^ 9 dcfP' is the metric on the two-sphere, and f{p) is given in terms 
of the ADM mass M and the charges (p, q) by 

,w = i_ii^M+?^!±^ (..3, 

P P 

For most of what follows, we set the Newton constant G — 1. The Schwarzschild black 
hole is recovered in the neutral case p = g = 0. 

The solution (2.2) has a curvature singularity at r = 0, with diverging curvature 
invariant R^^R^'^ ~ 4(]9^ + q^Y I ■ When < -f- g^, this is a naked singularity and 
the solution must be deemed unphysical. When > + q^ however, there are two 
horizons at the zeros of /(p). 



p± = M ± -p^-q^ (2.4) 

which prevent the singularity to have any physical consequences for an observer at 
infinity, see the Penrose diagram on Figure 1. We shall denote by I, II, III the regions 
outside the horizon, between the two horizons and inside the inner horizon, respectively. 
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Figure 1: Penrose diagram of the non-extremal (left) and extremal (right) Reissner- 
Nordstrom black holes. Dotted lines denote event horizons, dashed lines represent time-like 
singularities. The diagram on the left should be doubled along the dashed-dotted line. 

Since the time-like component of the metric changes sign twice between regions I and 
III, the singularity at p = is time-like, and may be imputed to the existence of a 
physical source at p = 0. This is unlike the Schwarzschild black hole, whose space-like 
singularity at p = raises more serious concerns. 
Near the outer horizon, one may approximate 



Defining t = 2p^T/(p+ — P-) and r — rj^, the first term is recognized as Rindler space 
while the second term is a two-sphere of fixed radius. 



fip) 




(2.5) 



where p — p+ + r, and the line element (2.2) by 




(2.6) 




(2.7) 
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Rindler space describes the patch of Minkowski space accessible to an observer O with 
constant acceleration k. As spontaneous pair production takes place in the vacuum, O 
may observe only one member of that pair, while its correlated partner falls outside of 
O's horizon. Hawking and Unruh have shown that, as a result, O detects a thermal 
spectrum of particles at temperature T — k/{2t:), where k is the acceleration, or 
"surface gravity" at the horizon [16,17]. Equivalcntly, smoothness of the Wick-rotated 
geometry r ^ ir requires that r be identified modulo 27ri. In terms of the inertial time 
t at infinity, this requires t ^ t + where /3 is the inverse temperature 



Given an energy M and a temperature T, it is natural to define the "Bekenstein- 
Hawking" entropy Sbh such that dSsH/dM = 1/T at fixed charges. 

Exercise 1 By integrating (2.8), show that the entropy of a Reissner- Nordstrom black 
hole is equal to 



Remarkably, the result is, up to a factor 1/(4G), just equal to the area of the 
horizon: 



This is a manifestation the following general statements, known as the "laws of black 
hole thermodynamics" (see e.g. [15,18] and references therein): 

0) The temperature T — K/{2n) is uniform on the horizon; 

1) Under quasi-static changes, dM — {T/AG)dA -\- (l)dq -\- xdp; 

II) The horizon area always increases with time. 

These statements rely purely on an analysis of the classical solutions to the action (2.1), 
and their singularities. The modifications needed to preserve the validity of these laws 
in the presence of corrections to the action (2.1) will be discussed in Section 6.2. 

The analogy of 0),I),II) with the usual laws of thermodynamics strongly suggests 
that it should be possible to identify the Bekenstein-Hawking entropy with the loga- 
rithm of the number of micro-states which lead to the same macroscopic black hole. 




(2.9) 




(2.10) 



SBH^logn{M,p,q) 



(2.11) 
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where we set the Boltzmann constant to 1. In writing this equation, we took advantage 
of the "no hair" theorem which asserts that the black hole geometry, after transients, 
is completely specified by the charges measured at infinity. 

Making sense of (2.11) microscopically requires quantizing gravity, which for us 
means using string theory. As yet, progress on this issue has mostly been restricted the 
case of extremal (or near-extremal) black holes, to which we turn now. 

2.2 Extremal Reissner-Nordstrom Black Holes 

In the discussion below (2.3), we left out one special case, namely = + q^. When 
this happens, the inner and outer horizons coalesce in a single degenerate horizon at 
r = a/p^ + where the scale factor vanishes quadratically: 

/(p) = I 1 _ v,_^ I ,2.12) 



Such black holes are called "extremal", for reasons that will become clear below. In 
this case, defining r — {p^ -\- (f) / we can rewrite the near-horizon geometry as 



ds ^ {p + q 



z^ 



+ dn' 



(2.13) 



which is now recognized as the product of two-dimensional Anti-de Sitter space AdS2 
times a two sphere. In contrast to (2.6), this is now a bona- fide solution of (2.1). The 

appearance of the AdS2 factor raises the hope that such "extremal" black holes have 
an holographic description, although holography in AdS2 is far less understood than in 
higher dimensions (see [19] for an early discussion). 

An important consequence of /(r) vanishing quadratically is that the Hawking 
temperature (2.8) is zero, so that the black hole no longer radiates: this is as it should, 
since otherwise its mass would go below the bound 

M^>p'^ + q^ , (2.14) 

producing a naked singularity. Black holes saturating this bound can be viewed as 
the stable endpoint of Hawking evaporation-^, assuming that all charged particles are 
massive. Moreover, the Bekenstein entropy remains finite 

SBH^7r(p^ + q^) (2.15) 

and becomes large in the limit of large charge. This is not unlike the large degeneracy 
of the lowest Landau level in condensed matter physics. 

^The evaporation end-point of neutral black holes is far less understood, and in particular leads to 
the celebrated "information paradox" . 
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2.3 Embedding in String Theory 

String theory compactificd to four dimensions typicaUy involves many more fields than 
those appearing in the Einstein-Maxwell Lagrangian (2.1). Restricting to compactifi- 
cations which preserve M > 2 supersymmetry in four dimensions, there are typically 
many Abelian gauge fields and massless scalars (or "moduli"), together with their 
fermionic partners, and the gauge couplings in general have a complicated dependence 
on the scalar fields. As a result, the static, spherically symmetric solutions are much 
more complicated, involving in particular a non-trivial radial dependence of the scalar 
fields. The first smooth solutions were constructed in the context of the heterotic 
string compactified on in [20], and the general solution was obtained in [21] using 
spectrum-generating symmetries. Charged solutions exhibit the same causal structure 
as the Reissner-Nordstrom black hole, and become extremal when a certain "BPS" 
bound, analogous to (2.14) is saturated. 

In fact, in the context of supergravity with M > 2 extended supersymmetry, the 
BPS bound is a consequence of unitarity in a sector with non-vanishing central charge 
Z — sjp^ -\- see (3.17) below. The saturation of the bound implies that the black hole 
preserves some fraction of the supersymmetry of the vacuum. Since the corresponding 
representation of the supersymmetry algebra has smaller dimension that the generic 
one, such states are absolutely stable (unless they can pair up with an other extremal 
state with the same energy) [22]. They can be followed as the coupling is varied, which 
is part of the reason for their successful description in string theory. 

Another peculiarity of extremal black holes in supergravity is that the radial profile 
of the scalars simplifies: specifically, the values of the scalar fields at the horizon become 
independent of the values at infinity, and depend only on the electric and magnetic 
charges. Moreover, the horizon area itself becomes a function of the charges only^. 
This is a consequence of the "attractor mechanism" , which we will discuss at length in 
Sections 3 and 7. This fits in nicely with the fact that the number of quantum states of a 
system is expected to be invariant under adiabatic perturbations [23]. More practically, 
it implies that a rough combinatorial, weak coupling counting of the micro-states may 
be sufficient to reproduce the macroscopic entropy. 

As a side comment, it should be pointed out that even in supersymmetric theories, 
extremal black holes can exist which break all supersymmetries. In this case, the 
electromagnetic charges differ from the central charge, and the extremality bound is 
subject to quantum corrections. In this case, there may exist non-perturbative decay 
processes whereby an extremal black hole may break into smaller ones. The subject 

^Although it no longer takes the simple quadratic form (2.15), at tree-level it is still an homogeneous 
function of degree 2 in the charges. 
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of non-supersymmetric extremal black holes has become of much interest recently, see 
e.g. [24-30]. 

Exercise 2 Show that if black hole of mass and charge {M, Q) breaks up into two 
black holes of mass and charge {Mi,Qi) and {M2,Q2), then at least one of Mi/Qi and 
M2/Q2 must be smaller than M/Q. Conclude that quantum corrections should decrease 
the ratio M/Q [29,31]. 

2.4 Black Hole Counting via D-branes 

The ability of string theory to account microscopically for the Bekenstein-Hawking 
entropy of BPS black holes (2.15) is one of its most concrete successes. Since this 
subject is well covered in many reviews, we will only outline the argument, referring 
e.g. to [32-35] for more details and references. 

The main strategy, pioneered by Strominger and Vafa [3] , is to represent the black 
hole as a bound state of solitons in string theory, and vary the coupling so that the 
degrees of freedom of these solitons become weakly coupled. The BPS property ensures 
that the number of micro-states will be conserved under this operation. 

Consider for exemple 1/8 BPS black holes in Type 11 string theory on T^, or 1/4 
BPS black holes on i^3 x [36]. Both cases can treated simultaneously by writing 
the compact 6-manifold os X — Y x Sx x S[, where y = or K?,. Now consider a 
configuration of Qq D6-branes wrapped on X, Q2 D2-branes wrapped on Si x S'i, 
NS5-branes wrapped on y x 5"!, carrying N units of momentum along 5"!. The resulting 
configuration is localized in the four non-compact directions and supersymmetric, hence 
should be represented as a BPS black hole in A/" = 8 or A/" = 4 supergravity^ . Its 
macroscopic entropy can be computed by studying the flow of the moduli with the 
above choice of charges, leading in either case to (Eq. (3.73) below) 

Sbh = 27rVg2 Qs Qe N (2.16) 

The micro-states correspond to open strings attached to the D2 and D6 branes, in 
the background of the NS5-branes. In the limit where F x S'J is very small, they 
may be described by a two-dimensional field theory extending along the time and 5*1 
direction. In the absence of the NS5-branes, the open strings are described at low 
energy by U{Q2) x U{Qq) gauge bosons together with bi-fundamental matter, which 
is known to flow to a CFT with central charge c = QQ2Q% in the infrared (see [34] 
for a detailed analysis of this point). In the presence of the NS5-branes, localized at 

•^As usual in AdS/CFT correspondence, the closed string description is valid at large value of the 
t'Hooft coupling QsQ, where Q is any of the D-brane charges. 
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points along S[, the D2-branes generally break at the points where they intersect 
the NS5-branes. This efTectively leads to Q5Q2 independent D2-branes, hence a CFT 
with central charge Ces — 6(52<55<56- The extremal micro-states correspond to the right- 
moving ground states of that field theory, with N units of left-moving momentum along 
Si. By the Ramanujan-Hardy formula (Eq. (6.18) below), also known as the Cardy 
formula in the physics literature, the number of states carrying N units of momentum 
grows exponentially as 



^{Q2,Q5,Q6,N) exp 



27rW^iV 



exp 



(2.17) 



in precise agreement with the macroscopic answer (2.16). 

While quantitatively successful, this argument has some obvious shortcomings. 
The degrees of freedom of the NS5-branes have been totally neglected, and the D2- 
branes stretching between each of the NS5-branes were treated independently. A some- 
what more tractable configuration can be obtained by T-dualizing along S[, leading 
to a bound state of D1-D5 branes in the gravitational background of Kaluza-Klein 
monopoles [37]. The latter are purely gravitational solutions with orbifold singulari- 
ties, so in principle can be treated by worldsheet techniques. 

Key to this reasoning was the ability to lift the 4-dimensional black hole to a 
5-dimensional black string, whose ground-state dynamics can be described by a two- 
dimensional "black string CFT", such that Cardy's formula is applicable. This indicates 
how to generalize the above argument to 1/2-BPS black holes in A/" = 2 supergravity: 
any configuration of D0,D4 branes with vanishing D6-brane charge in type IIA string 
theory compactified on a Calabi-Yau threefold X can be hfted in M-theory to a single 
M5-brane wrapped around a general divisor (i.e. complex codimension one submani- 
fold) P, with N (the DO-brane charge) units of momentum along the M-theory direc- 
tion [38]. The reduction of the (0,2) tensor multiplct on the M5-branc worldvolume 
along the divisor P leads to a (0,4) SCFT in 1+1 dimensions, whose left-moving central 
charge can be computed with some technical assumptions on P: 

CL^6C{P) + C2- P (2.18) 

Here, C{P) is the self- intersection of P, while C2 is the second Chern class of X. Using 
again Cardy's formula, this leads to 



n{P, N) ~ exp 



27r^/iV (C(P) + -C2-P 



(2.19) 



To leading order, this reproduces the macroscopic computation in jV = 2 supergravity, 
T-dualto (2.17), 

27rVgo CiQi) (2.20) 
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We shall return to formula (2.19) in Section 6 (Exercise 17), and show that the sublead- 
ing contribution proportional to C2 agrees with the macroscopic computation, provided 
one incorporates higher-derivative B? corrections. 

2.5 Counting J\f — 4: Dyons via Automorphic Forms 

While the agreement between the macroscopic entropy and microscopic counting at 
leading order is already quite spectacular, it is interesting to try and understand the 
corrections to the large charge limit. Ideally, one would like to be able to compute 
the exact microscopic degeneracies for arbitrary values of the charges. Here, we shall 
recall an interesting conjecture, due to Verlinde, Verlinde and Dijkgraaf (DVV), which 
purportedly relates the exact degeneracies of 1/4-BPS states in A/" = 4 string theory, 
to Fourier coefficients of a certain automorphic form [39]. This conjecture has been the 
subject of much recent work, which we will not be able to pay justice to in this review. 
However, it plays an important inspirational role for some other conjectures relating 
black hole degeneracies and automorphic forms, that we will develop in Section 7. 

Consider the heterotic string compactified on T^, or equivalently the type II string 
on K3 X T^. The moduh space factorizes into 

5/(2, R) S0{6,n^,R) 
U{1) ^ SO (6) X SO{n^) 

with riy = 22. The first factor is the complex scalar in the A/" = 4 gravitational 
multiplet, and corresponds to the heterotic axio-dilaton S, or equivalently to the com- 
plexified Kahler modulus of on the type II side. Points in (2.21) related by an action 
of the duahty group F = 5/(2, Z) x SO {6, 22, Z) are conjectured to be equivalent under 
non-perturbative dualities. 

The Bekenstein-Hawking entropy for 1/4-BPS black holes is given by [40] 

Sbh = tta/ {qe ■ qe){qm ■ Qm) - {qe ' QmY (2.22) 

where qe and q^ are the electric and magnetic charges in the natural heterotic polariza- 
tion, (g^, qe) transform as a doublet of 50(6, n^) vectors under 5/(2). Equation (2.22) 
is manifestly invariant under the continuous group 5/(2, R) x 50(6, 22,R), a fortiori 
under its discrete subgroup F. 

DVV proposed that the exact degeneracies should be given by the Fourier coef- 
ficients of the inverse of <l>io, the unique cusp form of 5p(4, Z) with modular weight 
10: 

^{qe,qm) = fdr -^e^A^-f^^-'-i-^^) (2.23) 
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(2.21) 



Here, t — ^ \ parameterizes Siegel's upper half plane Sp{A,M)/U{2) and 7 is the 
\u a J 

contour < p, cr < 27r, , < < tt. One may think of r as the period matrix of an 
auxiliary genus 2 Riemann surface, with modular group 5'p(4, Z) . The cusp form $10 
has an infinite product representation 

$,o(r) = 6^^''+'^+'^) W (1 _ e^(fc^+''^+-))^(''^'-'"') (2.24) 

where c{k) are the Fourier coefficients of the elliptic genus of i^3, 

XK,M= E c(4/. - ^-)e""^"<-*'"-^ = 24 (gi<gli) ) ' - 2 C'''^' " 'ffl^ . 

(2.25) 

This shows that the Fourier coefficients obtained in this fashion are (in general non- 
positive) integers. 

The r.h.s. of (2.23) is manifestly invariant under continuous rotations in iS'0(6, 22, IR) 
hence under its discrete subgroup 5*0(6, 22, Z). The invariance under S'/(2,Z) is more 
subtle, and uses the embedding of Sl{2, Z) inside 5*^(4, Z); using the modular invariance 
of $10, 

$ioPt + S)(Ct + L')-^] = [det(CT + L')]^'^ $io(t) , (2.26) 

one can cancel the action of 5'/(2, Z) by a change of contour 7 — >■ 7', and deform 7' 
back to 7 while avoiding singularities. 

As a consistency check on this conjecture, one can extract the large charge behav- 
ior of r^(ge, (im) by computing the contour integral in (2.23) by residues, and obtain 
agreement with (2.22) [39]. 

Exercise 3 By picking the residue at the divisor D — pa + u — ~0 and using 
$10 ~ -D^ v'^^{p')v'^^{(^')/ det^^(r) where p' = — ^^3^,cr' = —^^^ji, reproduce the lead- 
ing charge behavior (2.22). You may seek help from [39,41]- 

A recent "proof" of the DVV conjecture has recently been given by lifting 4D 
black holes with unit D6-brane charge to 5D, and using the Strominger-Vafa relation 
between degeneracies of 5D black hole and the elliptic genus of the Hilbert scheme (or 
symmetric orbifold) Hilb(i^3) [42]. We will return to this 4D/5D lift in Section 3.5. 
The conjecture has also been generahzed to other J\f — A "CHL" models with different 
values of in (2.21) [43-45]. More recently, the Sp{A, Z) symmetry has been motivated 
by representing 1/4-BPS dyons as string networks on T^, which hft to M2-branes with 
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genus 2 topology [46]. Despite this suggestive interpretation, it is fair to say that the 
origin of 5'p(4) remains rather mysterious. In Section 7, we will formulate a similar 
conjecture, which relies on the 3-dimensional U-duahty group SO{S, 24, Z) obtained by 
reduction on a thermal circle, rather than Sp{A). 

3. Special Geometry And Black Hole Attractors 

In this section, we expose the formalism of special geometry, which governs the cou- 
plings of vector multiplets in A/" = 2, D = 4 supergravity. We then derive the attractor 
flow equations, governing the radial evolution of the scalars in spherically BPS geome- 
tries. Finally, we illustrate these these constructions in the context of "very special'' 
supergravity theories, which are simple toy models oi J\f — 2 supergravity with sym- 
metric moduli spaces. We follow the notations of [47], which gives a good overview 
of the essentials of special geometry. Useful reviews of the attractor mechanism in- 
clude [48-50]. 

3.1 A/" = 2 SUGRA and Special Geometry 

A general "ungauged" M = 2 supergravity theory in 4 dimensions may be obtained by 
combining massless supersymmetric multiplets with spin less or equal to 2: 

i) The gravity multiplet, containing the graviton g^^, two gravitini ■^j^ and one 
Abelian gauge field known as the graviphoton; 

ii) ny vector multiplets, each consisting of one Abelian gauge field A^, two gaugini 
A"^ and one complex scalar. The complex scalars Zi take values in a projective 
special Kdhler manifold Ady of real dimension 2nv- 

iii) Uh hypermultiplets, each consisting of two complex scalars and two hyperinis 
ip, ip. The scalars take values in a quaternionic- Kdhler space Ad-n of real dimension 
AriH- 

Tensor multiplets are also possible, and can be dualized into hypermultiplets with spe- 
cial isometrics. At two-derivative order, vector multiplets and hypermultiplets interact 
only gravitationally^. We will concentrate on the gravitational and vector multiplet 
sectors, which control the physics of charged BPS black holes. Nevertheless, we will 
encounter hypermultiplet moduli spaces in Section 7.3.1, when reducing the solutions 
to three dimensions. 

''This is no longer true in "gauged" supergravities, where some of the hypermultiplets become 
charged under the vectors. 
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The couplings of the vector multiplets, including the geometry of the scalar mani- 
fold A^y, are conveniently described by means of a Sp{2nv + principal bundle S over 
M.V, and its associated bundle Ey in the vector representation of Sp{2nv + 2). The 
origin of the symplectic symmetry lies in electric-magnetic duality, which mixes the ny 
vectors and the graviphoton together with their magnetic duals. Denoting a 
section Q by its coordinates {X^,Fi), the antisymmetric product 

= X^Fj - X'^Fi (3.1) 

endows the fibers with a phase space structure, derived from the symplectic form 
{dil, dn) = dX^ A dFi. 

The geometry of the scalar manifold A^y is completely determined by a choice of 
a holomorphic section Q{z) = {X\z), Fj{z)) taking value in a Lagrangian cone, i.e. 
a dilation invariant subspace such that dX^ A dFj = 0. At generic points, one may 
express Fj in terms of their canonical conjugate X^ via a characteristic function F(X^) 
known as the prepotential: 

The second relation reflects the homogeneity of the Lagrangian, and implies that F 
is an homogeneous function of degree 2 in the X^ . At generic points, the sections 
X^ {I — 0...nv) may be chosen as projective holomorphic coordinates on A4v ~ 
equivalently, the ny ratios — X^X^ {i — 1 . . . ny) niay be taken as the holomorphic 
coordinates; these are known as (projective) special coordinates. Note however that 
a choice of F breaks manifest symplectic invariance, so special coordinates may not 
always be the most convenient ones. 

Exercise 4 Show that a symplectic transformation {X^,Fj) — {Fi,—X^), turns the 
prepotential into its Legendre transform. 

Once the holomorphic section Q{z) is given, the metric on A4v is obtained from 
the Kahler potential 

}C(z\ z') = - log K(X, X) , K(X, X) = i {X^Fi - X^Fi) (3.3) 

This leads to a well-defined metric gij = didjJC, since under a holomorphic rescaling 
fl — > e-l'^^'^fl, K, — > K, — f{z) — f{z) changes by a Kahler transformation. Equivalently, VL 
should be viewed as a section of £y ® £ where C is the Hodge bundle over Mv-, namely 
a line bundle whose curvature is equal to the Kahler form; its connection one-form is 
just Q — {dilCdz^ — dilCdz^) / . The rescaled section Ct — e'^^'^Q is then normalized 
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to 1, and transforms by a phase under holomorphic rescalings of il. For later purposes, 
it will be convenient to introduce the derived section Ui = Difl = (//, hn) where 

// = e^/^DiX' = e^'^diX' + dilC X') (3.4) 
hii = e^l'^DiFi = e^l\diFi + diK, Fj) (3.5) 

The metric may thus be reexpressed as 

g,j = -i{Ui, Uj) = i {frh-ji - hafj) (3.6) 

After some algebra, one may show that the Riemann tensor on A^y takes the form 

^ijkl — 9ij9kl + 9iT9kj ~ ^^^CikmCjinQ"^"' (3.7) 

where Cijk is a holomorphic, totally symmetric tensor^ 

ajk^e-"" {D,U„Uk) (3.8) 

The foregoing formalism was in fact geared to produce a solution of Equation (3.7), 
which embodies the constraint of supersymmetry, and may be taken as the definition 
of a projective special Kahler manifold. 

The kinetic terms of the ny + 1 Abelian gauge fields (including the graviphoton) 
may also be obtained from the holomorphic section ^2 as 

>CMa.weii = - ImMj A + ReXij J^' A JF-^ 
=Im [Afij A ★ ^"^"] + total der. 

where = {J-'^ — i-kJ^^)/2, / = . . . ny is the anti-self dual part of the field-strength, 
and Mij is defined by the relations 

Fi = XijX' , hii = Xijff (3.10) 
In term of the prepotential F and its Hessian tjj = djdjF, 

Kf ^ , ,, (Imr-X), {lmT.X)j 

■^^^ = ^^^ + ^' X.lmr.X ^^-''^ 

While Imr/j has indefinite signature (l,ny), ImA/jj is a negative definite matrix, as 
required for the positive definiteness of the gauge kinetic terms in (3.9). 



^We follow the standard notation in the topological string literature, which differs from [47] by a 
factor of e^. 
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Exercise 5 For later use, prove the relations 

]C^-\og[-2X'[lmAf]ijX''] , fl[lmAf\ijX'' ^0 (3.12) 

In order to study the invariance of (3.9) under electric-magnetic duality, it is useful 
to introduce the dual vector 

= l^^^ - [R^^^ + [I-^^^ (3-13) 

Under symplcctic transformations, Af transforms as a "period matrix" J\f ^ {C + 
DJ\f){A + BAf)-\ while the field strengths (J"^", gj = MijT-^-) transform as a sym- 
plectic vector, leaving (3.9) invariant. The electric and magnetic charges {p^ ^ qj) are 
measured by the integral on a 2-sphere at spatial infinity of G]^), and transform 

as a symplectic vector too. 

One linear combination of the ny + 1 field-strengths, the graviphoton 

T- = -2i e^/^ X' [Im^]7j^i- = e^/^X'GT - FjT'-) (3-14) 

plays a distinguished role, as its associated charge measured at infinity 

Z = e^/'' {qiX' - p'Fj) = e^l'^W{X) (3.15) 

appears as the central charge in A/" = 2 supersymmetry algebra, 

{Qi, } = P,al^?>) , (Qi, Q'^) = Ze'^e^^ (3.16) 

In particular, there is a Bogomolony-Prasad-Sommerfeld (BPS) bound on the mass 

> ml (3.17) 

where mp is the (duality invariant) 4-dimensional Planck scale, which is saturated when 
the state preserves 4 supersymmetries out of the 8 supersymmetries of the vacuum. 

3.2 A/" = 2 SUGRA and String Theory 

There are several ways to obtain M = 2 supergravities in 4 dimensions from string 
theory. Type IIB string compactified on a Calabi-Yau three-fold Y leads to A/" = 2 
supergravity with riv = /i2,i(^) vector multiplets and tih = /ii,i(5^) + l hypermultiplets. 
The scalars in M.v parameterize the complex structure of the Calabi-Yau metric on Y. 
The associated vector fields are the reduction of the lOD Ramond-Ramond 4-form on 
the various 3-cycles in H^{Y, R) . The holomorphic section Q is then given by the periods 
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of the holomorphic 3-form fl (abusing the notation) on a symplectic basis {A^ , Bi) of 

^ [ n , Fi= [ n (3.18) 

The Kahler potential on the moduh of complex structures is just 



x: = -iog 



O AO 



Y 



(3.19) 



which agrees with (3.3) by Riemann's bilinear identity. As we shall see later, it is 
determined purely at tree-level, and can be computed purely in field theory. The 
central charge of a state with electric-magnetic charges p^, qi may be rewritten as 

r Q 

(3.20) 



where 7 = qjA^ — p^Bj, and is recognized as the mass of a D3-brane wrapped on a 
special Lagrangian 3-cycle 7 e Hs{Y,Z). 

On the other hand, the scalars in A4h parameterize the complexified Kahler struc- 
ture of Y, the fluxes (or more appropriately, Wilson lines) of the Ramond-Ramond 
two-forms along Hcvcn{Y, M), as well as the axio-dilaton. The axio-dilaton, zero and six- 
form RR potentials form a "universal hypermultiplet" sector inside Ain- In contrast 
to the vector-multiplet metric, the hyper-multiplet metric receives one-loop and non- 
perturbative corrections from Euclidean D-branes and NS-branes wrapped on Heyen{Y). 

The situation in type IIA string compactified on a Calabi-Yau three-fold Y is 
reversed: the vector-multiplet moduli space describes the complexified Kahler structure 
of Y, while the hypermultiplet moduli space describes its complex structure, together 
with the Wilson lines of the Ramond-Ramond forms along Hodd{Y) and the axio- 
dilaton. As in IIB, the vector-multiplet moduli space is determined at tree-level only, 
but receives a' corrections. Letting J = B^s + iook be the complexified Kahler form, 
be a basis of Hi i{Y, Z) and 7^ the dual basis of H2^2{Y, Z), the holomorphic section Q 
(not to be confused with the holomorphic three-form on Y) is determined projectively 
by the special coordinates 



X^/X° = [ J , Fa/X^ = I JAJ (3.21) 



In the limit of large volume, the Kahler potential (in the gauge X^ — 1) is given by 
the volume in string units, 

/C = -log / JAJAJ (3.22) 



Y 



-17- 



originating from the cubic prepotential 

F^--Cabc ^0 +■■■ (3-23) 

Here, Cabc ^-re the intersection numbers of the 4-cycles ^a,b,c- At finite volume, 
there are corrections to (3.23) from worldsheet instantons wrapping effective curves in 
H2{Y,1i), to which we will return in Section 4.3. The central charge following from 
(3.23) is 



Z ^e'^'^X^ (qo + qA ! J - [ J A J - p° f J A J A j] 



(3.24) 



so that q^^qA^V^ can be identified as the D0,D2,D4 and D6 brane charge, respec- 
tively. 

While (3.23) expresses the complete prepotential in terms of the geometry of y, 
the most practical way of computing it is to use mirror symmetry, which relates type 
IIA compactified on Y to type IIB compactified on y , where (y, y) form a "mirror 
pair"; this implies in particular that /ii^i(y) = h^^y^Y) and /ii_i(y) = /i2,i(^) (see [51] 
for a review). 

On the other hand, the tree-level metric on the hypermultiplet moduli space M-u 
in type IIA compactified on Y may be obtained from the vector-multiplet metric M.y 
in type IIB compactified on the same Calabi-Yau y, by compactifying on a circle 
to 3 dimensions, T-dualizing along and decompactifying back to 4 dimensions. We 
shall return to this "c-map" procedure in Section 7.3.1. 

Finally, another way to obtain H — 2 supergravity in 4 dimensions is to compactify 
the heterotic string on K?, x T^. Since the heterotic axio-dilaton is now a vector- 
multiplet, Aiv now receives loop and instanton corrections, while Ain is determined 
purely at tree-level (albeit with a! corrections). 

3.3 Attractor Flows and Bekenstein-Hawking Entropy 

We now turn to static, spherically symmetric BPS black hole solutions oi J\f — 2 
supergravity. The assumed isometries lead to the metric ansatz 

ds^ = -e^'^dt^ + e-2^(dr2 + r^dnj) (3.25) 

where dQ"^ = dO"^ + sin^ 6 d(j)^ is the round metric on S'^, and U depends on r only. We 
took advantage of the BPS property to restrict to flat 3D spatial slices^. Moreover, 



'This condition may be relaxed if one allows for a non- trivial profile of the hypermultiplets [52]. 
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the scalars in the vector multiplet moduh space are taken to depend on r only. The 
gauge fields are uniquely determined by the equations of motion and Bianchi identities: 



sin 9 d9 /Kdcf) — i^r-dt A dr 



(3.26) 



1-1 



where (p^, qi) are the magnetic and electric charges, and [ImA/]^"^ = [ImA/]}j. 

Assuming that the solution preserves half of the 8 supersymmetries, the gravitino 
and gaugino variations lead to a set of first-order equations [49, 53-55] ^ 

dr 

= 2 g^d-^\Z\ (3.28) 

where Z is the central charge defined in (3.15). These equations govern the radial 
evolution of U and z^{r), and are usually referred to as "attractor flow equations", 
for reasons which will become clear shortly. The boundary conditions are such that 
U{r oo) ^ at spatial infinity, while the vector multiplet scalars 2;* go to their 
vacuum values z^^. The black hole horizon is reached when the time component of the 
metric gu = e^^ vanishes, i.e. at U = —00. 

Deflning //, = e~^, so that r^d/i/dr — —\Z\, the second equation may be cast in the 
form of a gradient flow, or RG flow, 

fi^ = -g'^dj\og\Z\' (3.29) 

As a consequence, \Z\ decreases from spatial infinity, where = 1, to the black hole 
horizon, when fi +00. The scalars z' therefore settle to values zl{p. q) which minimize 
the BPS mass \Z\\ in particular, the vector multiplet scalars arc "attracted" to a fixed 
value at the horizon, independent^ of the asymptotic values 2;^, and determined only 
by the charges {p^,qi). This attractor behavior is illustrated in Figure 2 for the case 
of the Gaussian one-scalar model with prepotential F — —i[{X^y — X^)^]/2, whose 
moduli space corresponds to the Poincare disk \z\ < 1. It should be noted that the 
attractor behavior is in fact a consequence of extremality rather than supersymmetry, 
as was first recognized in [55]. 



''We shall provide a full derivation of (3. 27), (3. 28) in Section 7, but for now we accept them and 
proceed with their consequences. 

^In some cases, there can exist different basins of attraction, leading to a discrete set of possible 
values zl{p, q) for a given choice of charges. This is typically connected with the "split attractor flow" 
phenomenon [56]. 
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Figure 2: Radial flow for the Gaussian one-scalar model, for charges {p^ , qi, go) = 
(4, 1, 1, 2). All trajectories are attracted to = X^jX^ = (1 - 3i)/10 at r = 0. 

We shall assume that the charges [p^ ^ qi) are chosen such that at the attractor 
point, Z = 7^ 0, since otherwise the solution becomes singular. Equation (3.27) may 
be easily integrated near the horizon, 

;x = e-^~ |Z,|/r (3.30) 

Defining z = \Z^,\'^/r, it is easy to see that the near- horizon metric becomes AdS2 x S"^, 
as in (2.13), where the prefactor {p'^ + q'^) is replaced by {Z^l"^. The Bekenstein-Hawking 
entropy is one quarter of the horizon area, 

Sbh = - -^TTlime-^^r^ = 7i\ZJ^ (3.31) 

4 r-^O 

This is a function of the electric and magnetic charges only, by virtue of the attrac- 
tor mechanism, except for possible discrete labels (or "area codes") corresponding to 
different basins of attraction. 

We shall now put these results in a more manageable form, by making use of some 
special geometry identities discussed in Section 3. First, using the derived section 
Ui = (//, hii) defined in (3.4) and the property (3.10), one easily finds 

diZ = fl{qi - Uijp') - \zdiK, , diZ = \zdiK: (3.32) 
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so that 



^ = 2 (^^ + = {<li-MuP ) (3.33) 

This allows to rewrite (3.28) as 



r 



^ = -y ^e^^^V/(g/ - MV) (3.34) 



The stationary value of at the horizon is thus obtained by setting the rhs of this 
equation to zero, i.e. 

//(g/-MV) = (3.35) 

The rectangular matrix // has a unique zero eigenvector, given by the second equality 
in (3.12). Hence, (3.35) implies 

qi - Mijp^ = C ImMijX^ (3.36) 

Contracting either side with and using the first equation in (3.12) allows to compute 
the value of a, 

C = -2Z (3.37) 

Moreover, using again (3.10), one may rewrite (3.36) and its complex conjugate, equiv- 
alently as two real equations 

= Im(CX^) , qi = lm{CFi) (3.38) 
while the Bekenstein- Hawking entropy (3.31) is given by 



Making use of the fact that near the horizon, e ^ ~ |Z*|/r, it is convenient to rescale 
the holomorphic section VL = {X^ , Fi) into 

2zre^'=M-^./|('^'^ (3.40) 



GiJ y Z \Fj 

in such a way that 

g-/c(y,?) ^ 4^2g-2[/ ^ argW^(r) = 7r/2 (3.41) 
where we defined, in line with (3.3) and (3.15), 

K{Y, Y) = [i {Y'Gi - Y'Gi)] = g-'^^^'^) , W{Y) = qjY' - p'd (3.42) 
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In this fashion, we have incorporated the geometric variable U into the symplectic 
section (F^, Gj), and fixed the phase. In this new "gauge" ^, which amounts to setting 
C = i, (3.38) and (3.31) simplify into 

Sbh = \k(Y, y) = ^ [y'G, - Y'G,] (3.44) 

These equations, some times known as "stabilization equations", are the most conve- 
nient way of summarizing the endpoint of the attractor mechanism, as will become 
apparent in the next subsection. 

3.4 Bekenstein-Hawking entropy and Legendre transform 

A key observation for later developments is that the Bekenstein-Hawking entropy (3.43) 
is simply related by Legendre transform^° to the tree-level prepotential F. To see this, 
note that the first equation in (3.43) is trivially solved by setting — -\- i(f)^ , where 
(f)^ is real. The entropy is then rewritten as 

? TT — — 

Sbh = -J [{Y' - 2t<p')Gi - {?' + 2t(P')Gi] (3.45) 
= y [F{Y) - F{Y)] + \¥ {Gi + Gj\ (3.46) 

where, in going from the second to the third line, we used the homogeneity of the 
prepotential, Y^Gj = 2F{Y). On the other hand, the second stabilization equation 
yields 

Thus, defining 

J^(p', (f)') = -TT Im [F(p' + (3.48) 
the last equation in (3.46) becomes 

Sbh{p', qi) = (^(p', 0') + TT (t>'qi)^i (3.49) 

where the r.h.s. is evaluated at its extremal value with respect to 0^. In usual ther- 
modynamical terms, this implies that J-{p^ i (f)^) should be viewed as the free energy of 
an ensemble of black holes in which the magnetic charge p^ is fixed, but the electric 



^This is an abuse of language, since the scale factor is a priori not a holomorphic function of z^. 
^°This was first observed in [57], and spelled out more clearly in [4]. 
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charge qi is free to fluctuate at an electric potential iKp^ . The implications of this sim- 
ple observation will be profound in Section 5.3, when we discuss the higher-derivative 
corrections to the Bekenstein-Hawking entropy. 

Exercise 6 Apply this formalism to show that the entropy of a DO-D4 bound state 
in type 11 A string theory compactified on a Calabi-Yau three-fold, in the large charge 
regime, is given by 

Sbh = 27i^-CABcP''p''p'''qo (3.50) 

and compare to (2.20). 

Exercise 7 Show that the Bekenstein-Hawking entropy (3.44) can be obtained by ex- 
tremizing 

S,,,(r, Y) = -^ [K{Y, Y) + 2t[W{Y) - W{Y)]] (3.51) 

with respect to Y,Y, where K{Y,Y) and W{Y) are defined in (3.42) [7, 58]. Observe 
that (3.49) is recovered by extremizing over Re{Y). 

Exercise 8 Define the Hesse potential S(0^, xi) the Legendre transform of the topo- 
logical free energy with respect to the magnetic charges , 

xi) = ( Hp', h) + TT xip')p' (3.52) 

Show that the dependence ofE on the electric and magnetic potentials (0^, xi) 'is identi- 
cal (up to a sign) to that of the black hole entropy Sbh on the charges (p^, qi). Compare 
to Ep^q in the previous Exercise. 

3.5 Very Special Supergravities and Jordan Algebras 

In the remainder of this section, we illustrate the previous results on a special class of 
J\f — 2 supergravities, whose vector-multiplet moduli spaces are given by symmetric 
spaces. These are interesting toy models, which arise in various truncations of string 
compactifications. Moreover, they are related to by analytic continuation to A'' > 2 
theories, which will be further discussed in Section 7. 

The simplest way to construct these models is to start from 5 dimensions [59]: the 
vector multiplets consist of one real scalar for each vector, and their couplings are given 

by 

S^ J d'x ^ {R- Gijd^<l>%<l^) -aABF^Ai.F^ + ^J Cabc A^AF^'a 

(3.53) 
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where the Chern- Simons- type coupUngs Cabc are constant, for gauge invariance. M — 
2 supersymmetry requires the real scalar fields 0* to take value in the cubic hypersurface 
AI5 = A'"(^) = 1} in an ambient space ^ e R"'^^^ where 

N{i) = \cabc e e e (3.54) 

The metric Gjj is then the pull-back of the ambient space metric a^soJC'^oJC^ to A^5, 
where 

aAB = ~d^Ad^BN{i) (3.55) 

The gauge couplings oab are instead given by the restriction of a^s to the hypersurface 
AI5. Upon reduction from 5 dimensions to 4 dimensions, using the standard Kaluza- 
Klein ansatz 

ds\ = e^''{dy + B^^dx^f + e^" g^^dx^dx"" (3.56) 

the Kaluza-Klein gauge field provides the graviphoton, while the constraint A^(0 — 
1 is relaxed to A^(0 — ■ Moreover, combine with the fifth components of the 
gauge fields into complex scalars — ^ ii/^ — X^/X^, which are the special 
coordinates of a special Kahler manifold AI4 with prepotential 

F = Ar(X^)/X° (3.57) 

In general, neither AI5 nor AI4 are symmetric spaces. The conditions for M.^ to 
be a symmetric space were analyzed in [59], and found to have a remarkably simple 
interpretation in terms of Jordan algebras: these are commutative, non-associative 
algebras J satisfying the "Jordan identity" 

X o [y o x^) = {x o y) ■ x^ (3.58) 

where x'^ — x o x (see e.g. [60] for a nice review). 

Exercise 9 Show that the algebra of n x n hermitean matrices with product A o B — 
\{AB + BA) is a Jordan algebra. 

Jordan algebras were introduced and completely classified in [61] in an attempt to 
generalize quantum mechanics beyond the field of complex numbers. The ones relevant 
here are those which admit a norm N of degree 3 - rather than giving the axioms of 
the norm, we shall merely list the allowed possibilities: 

i) One trivial case: J = R, N{^) = 
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ii) One infinite series: J = M © F where F is the Qifford algebra of 0(1, n — 1), 

iii) Four exceptional cases: J — Herm3(D), the algebra of 3 x 3 hermitean matrices 

x-i a2 xi where are real and Xi are in one of the four "division algebras" 
X2 xi as/ 

D = M, C, the quaternions H or octonions O. In each of these cases, the cubic 
norm is the "determinant" of ^ 

A^(^) = a.\a20ij, — a\X\X\ — a2X2X2 — a3a;3a;3 + 2Re(a;ia;2a;3) (3.59) 

For J^, this is equivalent to the determinant of an unconstrained 3x3 real matrix, 
and for to the Pfaffian of a 6 x 6 antisymmetric matrix. 

To each of these Jordan algebras, one may attach several invariance groups, summarized 
in Table 1: 

a) Aut(J), the group of automorphisms of J, which leaves invariant the structure 
constants of the Jordan product; 

b) Str(J), the "structure" group, which leaves invariant the norm iV(^) up to a 
rescaling; and the "reduced structure group" Stro(J), where the center has been 
divided out; 

c) Conf(J), the "conformal" group, such that the norm of the difference of two 
elements A^(.^ — .^') is multiplied by a product /(0/(C')> ^ ^ result, the "cubic 
light-cone" A^(,^ — = ^ is invariant; 

d) QConf(J), the "quasi-conformal group", which we will describe in Section 7.5. 

In the case ii) above, Aut( J), Str(J) and Conf(J) are just the orthogonal group 
SO{n — 1), Lorentz group SO{n — 1, 1) and conformal group SO{n, 2) times an extra 
,5/(2) factor. 

The relevance of these groups for physics is as follows: choosing N{^) in (3.54) to 
be equal to the norm form of a Jordan algebra J, the vcctor-multiplet moduli spaces 
for the resulting J\f = 2 supergravity in D = 5 and D = A are symmetric spaces 

Stro(J) Conf(J) 

M5 = , , , M4 = — , 3.60 

Aut(J) Stro(J) X C/(l) ^ ' 

where Stro( J) denotes the compact real form of Stro( J). In either case, the group in the 
denominator is the maximal subgroup of the one in the numerator, which guarantees 
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J 


Aut(J) 


Stro(J) 


Conf(J) 


QConf(J) 


M 


1 


1 


5/(2, M) 


02(2) 




S0{n-1) 


SO{n- 1,1) 


5/(2) X 50 (n, 2) 


50(n + 2,4) 


tE 


50(3) 


5/(3, M) 


5p(6) 


^4(4) 




SU{3) 


5/(3, C) 


5[/(3, 3) 




Jf 


USp{6) 


SI/* (6) 


50*(12) 


E7(--,) 


M 
■^3 


^4 


-E'6(-26) 


-£'7(-25) 


-£'8(-24) 



Table 1: Invariancc groups associated to degree 3 Jordan algebras. The lower 4x4 part is 
known as the "Magic Square" , due to its symmetry along the diagonal [62] . 

that the quotient has positive definite signature. The resulting spaces are shown in 
Table 2, together with the ones which appear upon reduction to = 3 on a space-like 
and time-hke direction respectively, to be discussed in Section 7.5 below. The first 
column indicates the number of supercharges in the corresponding supergravity: the 
above discussion applies strictly speaking to cases with 8 supercharges (i.e. M = 2 
supersymmetry in 4 dimensions), but other cases can also be reached with similar 
techniques, using different real forms of the Jordan algebras above^^. 

The Stro(J) invariance of the metric on M.^ is indeed obvious from (3.55) above. 
The Conf( J) invariance of the metric on the special Kahler space is manifest too, 
since the Kahler potential following from (3.57) is the proportional to the log of the 
"cubic light-cone" , 

lC{z,z)^-\ogN{zi-Zi) , (3.61) 

invariant under Conf(J) up to Kahler transformations. Such special Kahler spaces are 
known as hermitean symmetric tube domains, and are higher-dimensional analogues of 
Poincare's upper half plane. 

It should be pointed out that there also exist D — A SUGRAs with symmetric 
moduli space which do not descend from 5 dimensions: they may be described by a 
generalization of Jordan algebras known as "Freudenthal triple systems", but we will 
not discuss them in any detail here. Similarly, there exist = 3 supergravity theories 
with symmetric moduli spaces which cannot be lifted to 4 dimensions. 

In general, it is not known whether these very special supcrgravitics arise as the 
low-energy limit of string theory. All except the exceptional case can be obtained 
formally by truncation of jV = 8 supergravity, but it is in general unclear how to 

-'^-'^For example, the cubic invariant of £^6(6) appearing m M — S supergravity can be obtained from 
(3.59) by replacing the usual octonions O by the split octions O^, whose norm xx has split signature 
(4,4), see [63] for a recent discussion. 
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Q 


J 


= 5 


D ^ A 


= 3 


= 3* 


8 






SU(n,l) 


5r/(n+l,2) 


5ty(n+l,2) 


SU(nUU(l) 


5(7(n+l)x5(7(2)xC/(l) 


5(7(n,l)x5/(2)x(7(l) 


8 






SO{n,2) Sl(2) 


50(n+2,4) 


50(n+2,4) 


SO(n-l) 


SO(n)xSO{2) U{1) 


50(n+2)x50(4) 


50(n,2)x50(2,2) 


8 






Sl(2) 
U(l) 


5C/(2,1) 
5(7(2) X (7(1) 


5(7(2,1) 
5;(2)xC/(l) 


8 


M 





ot[2) 

U{1) 


^2(2) 

50(4) 


^2(2) 

50(2,2) 


8 


tE 


5i(3) 


c / r\ 

Sp(%) 


■''4{4) 


-''4(4) 


50(3) 


Si7(3)xl/(1) 


(75p(6)x 5(7(2) 


5p(6)x5«(2) 


8 


tC 

-'a 


5Z(3,C) 


5(7(3,3) 


■^'6(+2) 


-fc'6(+2) 


S!7(3) 


5(7(3) X 5(7(3) X (7(1) 


5(7(6) X 5(7(2) 


5(7(3,3)x5/(2) 


24 




5i7*(6) 


50*(12) 


'^V(-5) 


^7(-5) 


USp(&) 


5(7(6)xC/(l) 


50(12)x5(7(2) 


50*(12)x5«(2) 


8 


tO 

-'a 


^6(-26) 


■fc''7(-25) 


-t''8(-24) 


-t''8(-24) 


Fi 


E6XC/(1) 


£;7X5(7(2) 


E7f-26)X5/(2) 


10 








5p(2n,4) 
5p(2n)x5p(4) 




12 








5(7 (n, 4) 
SU(n)xSUU) 




16 


rn-5,5 


TO i,'0(n-5,5) 


5«(2) 50(n-4,6) 


50(n-2,8) 


50(n-2,8) 


^ ^ 50(n-5)x50(5) 


C7(l) 50(n-4)x50(6) 


50(n-2)x50(8) 


50(n-4,2)x50(2,2) 


18 








-''4(-20) 

50(9) 




20 


Mi,2(0) 




5{/(5,l) 


-£^6(-14) 


^'6(-14) 


5(7(5)x!7(l) 


50(10) x50(2) 


5O*(10)x5O(2) 


32 


>^3 






■^-8(8) 


-t''8(8) 


USp(8) 


5C/(8) 


50(16) 


50* (16) 



Table 2: Moduli spaces for supergravities with symmetric moduli spaces. The last column 
refers to the reduction from 4 dimensions to 3 along a time-like direction, which will become 
relevant in Section 7. 

consistently enforce this truncation. A notable exception is the case based on J = Fg^i, 
which is realized in type IIA string theory compactified on a freely acting orbifold of 
X3 X or a CHL orbifold of the heterotic string on [64]. The model with J = 
arises in the untwisted sector of type IIA compactified on the "Z-manifold" T^/Zs [65], 
but there are also massless fields from the twisted sector. Wc shall mostly use these 
theories at toy models in the sequel, and assume that discrete subgroups Stro( J, Z) and 
Conf( J, Z) remain as quantum symmetries of the full quantum theory, if it exists. 



3.6 Bekenstein-Hawking Entropy in Very Special Supergravities 

As an illustration of the simplicity of these models, we shall now proceed and compute 
the Bekenstein-Hawking entropy for BPS black holes with arbitrary charges, following 
[8]. A key property which renders the computation tractable is the fact that the 
prepotential (3.57) obtained from any Jordan algebra is invariant (up to a sign) under 
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Legendre transform in all variables, namely 



(3.62) 



Exercise 10 Show that (3.62) is equivalent to the "adjoint identity" for Jordan alge- 
bras, X^"^ = N{X)X where = ^Cabc^^^'^' is the "quadratic map" from J to its 
dual. 

In fact, just imposing (3.62) leads to the same classification i),ii),iii) as above. 
This was shown independently in [66] , as a first step in finding cubic analogues of the 
Gaussian, invariant under Fourier transform (see [67] for a short account). 

Exercise 11 Check hy explicit computation that for the "STU" model, (l/X°)e^(^^)/^° 
is invariant under Fourier transform, namely 



I 



dX^dX^dX^dX^ 



x^ 



exp 



. X^X'^X ^ 

' hx^ 



+ iX'Yj 



h 



^0 



(3.63) 



Conclude that the semi- classical approximation to this integral is exact. Hint: perform 
the integral over X^, X^, in this order. 

In order to compute the Bekenstein- Hawking entropy, we start from the "free en- 
ergy" (3.48) 



+ 



N{p)\ } 



(3.64) 



To eliminate the quadratic term in 0^, let us change variables to 



0° 



(3.65) 



Moreover, we introduce an auxiliary variable t, such that, upon eliminating t, we recover 
(3.64): 



N{x^) pI^+p'^qa a t 



+ 



-X 



X 



4 Vp° 



1 



{2N{p) +p^p^qif 



){xi,t} (3.66) 



Extremizing over x^ now amounts to Legendre transforming N(x)/x^, which according 
to (3.62) reproduces —N{y)/y^ where y^ are the coefficients of the linear terms in x^ , 
so 



_ u ^\Pa+p'<1a\ [2Nip)+pPp^ t 



(3.67) 
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Finally, extremizing over t leads to 



Sbh = ^ ^4N\p\+p0qA\ - [2N{p) +pYqi]^ (3.68) 

The pole at p° = is fake: upon Taylor expanding N\p\ + p^Qa] in the numerator and 
further using the homogeneity of N, its coefficient cancels. The final result gives the 
entropy as the square root of a quartic polynomial in the charges, 

Sbh = T^^/T^P^ (3.69) 

where 

h{p', qj) = 4p'N{qA) - MoN{p^) + Aqfp^^ - {p^qo + p\a? (3.70) 

The fact that this quartic polynomial is invariant under the linear action of the four- 
dimensional "U-duality" group Conf(J) on the symplcctic vector of charges (p^^qj), 
follows from Freudenthal's "triple system construction". Several examples are worth 
mentioning: 

• For the "STU" model with N{^) — the electric- magnetic charges trans- 
form as a (2, 2, 2) of Conf( J) = 5/(2)^, so can be viewed as sitting at the 8 corners 
of a cube; the quartic invariant is known as Cayley's "hyperdeterminant" 

h = —■^^^^^^^^'^^^"^^^^'^^^^QAaaQBblsQcnQDdS (3-71) 

This has recently been related to the "three-bit entanglement" in quantum infor- 
mation theory [68-70] . 

• More generally, for the infinite series, where the charges transform as a (2, n) of 
5*/ (2) X S0{2,n), the quartic invariant is 

h = {qe ■ qe){qm " ^m) " (^e " qmf (3.72) 

Up to a change of signature of the orthogonal group, this is the quartic invariant 
which appears in the entropy of 1/4-BPS black holes in jV = 4 theories (2.22). 

According to Freudenthal's construction, the electric and magnetic charges naturally arrange 

themselves into a square (rather than a cube) , where the diagonal elements are in R while 

\qi (to) 

the off-diagonal ones are in the Jordan algebra J. This suggests that the "three-bit" interpretation of 
the STU model may be difficult to generalize. 



-29- 



• In the exceptional J3 case, I4 is the quartic invariant of the 56 representation of 
E'j{-2b)- Replacing O by the split octonions Og, one obtains the quartic invariant 
of -^/(r), which appears in the entropy S — t^\/TI of 1/8-BPS states in jV = 8 
supergravity [71], 

h{P, Q) = -TriQPQP) + ^ {TtQPf - 4 [Pf(P) + Pf(Q)] (3.73) 

where the entries in the antisymmetric 8x8 matrices Q and P may be identified 
as [8]: 

/ [D2Y^ [Flf [kkmY\ I [DA\ij [NSb\i [kk]i\ 

Q= ~[Flf [DQ] , P={-[NS^], [DO] , (3.74) 
\-[kkm]' -[DQ\ J \ -[kk]i -[DO] / 

Here, [D2Y^ denotes a D2-brane wrapped along the directions ij on T®, [-04]^ 
a D4-branes wrapped on all directions but ij, [kk]i a momentum state along 
direction i, [kkmY a Kaluza-Klein 5-monopole localized along the direction i on 
T^, [-F1]* a fundamental string winding along direction i, and [NS5]i a NS5-brane 
wrapped on all directions but i. 

Exercise 12 Show that in the — A truncation where only the [Fl], [kk], [NS5], [kkm] 
charges are retained, (3.73) reduces to the quartic invariant (2.22) under Sl(2) x 
SO{6,6). Similarly, in the Af = 2 truncation where only [D0],[D2],[D4:],[D6] are 
kept, show that one obtains the quartic invariant of a spinor of SO* {12), based on the 
Jordan algebra Jf. 

The intermediate equation (3.67) also has an interesting interpretation: it is recog- 
nized as l/p° times the entropy S^d — 7r-\/ N{Q) — of a five-dimensional BPS black 
hole with electric charge and angular momentum 

Qa = p\a + CabcV^'v^ (3.75) 
2 Jl = (/)'go + pV^gA + 2iV(p) (3.76) 

The interpretation of these relations is as follows: when the D6-brane charge p^ is non- 
zero, the 4D black hole in Type IIA compactified on Y may be lifted to a 5D black 
hole in M-theory on F x TNpQ, where TN denotes the 4-dimensional Euclidean Taub- 
NUT space with NUT charge at spatial infinity, this asymptotes to x 5^, where 
the circle is taken to be the M-theory direction. Translations along this direction at 
infinity, conjugate to the DO-brane charge 50, become SU{2) rotations at the center of 
TN, where the black hole is assumed to sit. The remaining factors of p° are accounted 
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for by taking into account the M''/ZpO singularity at the origin of TN [72]. The formulae 
(3.75) extend this lift to an arbitrary choice of charges, in a manifestly duality invariant 
manner. 

Exercise 13 Using the fact that the degeneracies of five- dimensional black holes on 
K3 X are given by the Fourier coefficients of the elliptic genus of}ii\h{K3), equal 
to l/$io, show that the DVV conjecture (2.23) holds for at least one U-duality orbit of 
4- dimensional dyons in type II/K3 x with one unit of D6-brane and some amout of 
D0,D2-brane charge. You might want to seek help from [42]. 

4. Topological String Primer 

In the previous sections, we were concerned exclusively with low energy supergravity 
theories, whose Lagrangian contains at most two-derivative terms. This is sufficient in 
the limit of infinitely large charges, but not for more moderate values, where higher- 
derivative corrections start playing a role. In this section, we give a self-contained 
introduction to topological string theory, which offers a practical way of to compute an 
infinite series of such corrections. Sections 4.1 and 4.2 draw heavily from [73]. Other 
valuable reviews of topological string theory include [74-78] . 

4.1 Topological Sigma Models 

Type II strings compactified on a Kahler manifold X of complex dimension d are 
described by a = (2, 2) sigma model 

S^2tJ d^z {gfjd<t>'d(l^ + gf^d(t>'d<IP + iiltDiptgn + iiiDi^Xg^ + Rg^jiiiiil'ilPj 

(4.1) 

where is a map from a two-dimensional genus g Ricmann surface S to X, ip^^ is a 
section of /s:±/^®0*(Ti'°X), i?^ is a section oi K]^"^ ®(I)*{T^'^X), and we denoted by K+ 
the canonical bundle on E (i.e. the bundle of (1,0) forms) and the anti-canonical 
bundle (of (0,1) forms). The factor of t (the string tension) is to keep track on the 
dependence on the overall volume of X. 

This model is invariant under N = (2,2) superconformal transformations generated 

1/2 

with sections a± and a± of , acting e.g. as 

54)' = i(Q;_'0t + «+V'!-) , (^0' = i(d_V'+ + a+V'!-) (4.2) 
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This implies chirally conserved supercurrents of conformal dimension 3/2, which 
together with T and the current J generate the Af = 2 superconformal algebra, 

Gn.)G-(0)^fl.g.^?^)..eg (4.3) 



^(^)^(O) = 0+reg (4.4) 



The current J appearing in the OPE (4.3) generates a U{1) symmetry, such that G± 
have charge Q = ±1 while T and J are neutral. In the (doubly degenerate) Ramond 
sectors R±, the zero- modes of the supercurrents generate a supcrsymmetry algebra 

{G^r = {G^r = , Go } = 2 (l?- - ^) (4.5) 

Unitarity forces the right-hand side to be positive on any state. Moreover, the M = 2 
algebra admits an automorphism known as spectral flow, which relates the NS and R 
sectors: 

J^- = JrTl. = Lr + (4.6) 

The unitary bound A > c/24 in the R sector therefore implies a bound A > \Q\/2 after 
spectral flow. States which saturate this bound have no short distance singularities 
when brought together, and thus form a ring under OPE, known as the chiral ring of 
the M = 2 SCFT. Applying the spectral flow twice maps the NS sector back to itself, 
with (A, (5) — > (A — Q + |, Q =F f )• In particular, the NS ground state is mapped to a 
state with (A, q) = (|, =f|) in the chiral ring. For a Calabi-Yau three-fold, starting from 
the identity we thus obtain two R states with (A, q) — (3/8, ±3/2), and one NS state 
with (A, g) = (3/2, ±3): these are identified geometrically as the covariantly constant 
spinor and the holomorphic (3, 0) form, respectively. 

The spectral flow (4.6) above can be used to "twist" the M = 2 sigma model into 
a topological sigma model: for this, bosonize the U{\) current J = i\/3dH, so that the 
spectral flow operator becomes 



exp ±i-^H{z) (4.7) 




with (A = 3/8, Q = ±3/2). The topological twist then amounts to adding a background 
charge ± J R^'^^: its effect is to change the two-dimensional spin Lq into a linear 
combination Lq =F |<^o of the spin and the U{1) charge. Under this operation, choosing 
the -I- sign, becomes a section of 0*(T^'°X), i.e. a worldsheet scalar, whereas ip\. 
becomes a section of (l)*{T^'^X), i.e. a worldsheet one- form; simultaneously. 
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the supersymmetry parameters q;_ and 6l- become a scalar and a section of 
respectively. Alternatively, we may choose the — sign in (4.6), where instead would 
become a section of ® (f)*{T^'^X), while ■0+ would turn into a worldsheet scalar. In 
either case, it is necessary that the canonical bundle K be trivial, in order for that the 
correlation functions be unaffected by the twist : this is achieved only when computing 
particular "topological amplitudes" in string theory, which we will discuss in Section 
5.1. 

Since the sigma model (4.1) has (2,2) superconformal invariance, it is possible to 
twist both left and right-movers by a spectral flow of either sign. Only the relative 
choice of sign is important, leading to two very distinct-looking theories, which we 
discuss in turn: 

4.1.1 Topological A- model 

Here, both and are worldsheet scalars, and can be combined in a scalar x £ 
(f)*(TX). On the other hand, and become (0,1) and (1,0) forms V'l and il^l on 
the worldsheet. The action is rewritten as 

S^2tj d\ (gfjd^'d^^ + g^dcp^dcf^ + nljiDx'gu + i^Dx^Qu - Riij]44)^X^) 

(4.8) 

It allows for a conserved "ghost" charge where [0] = 0, [%] = = —1, and is 

invariant under the scalar nilpotent operator Q — G+, 

{Q, 0'} = x' , {Q, x'} = , {Q, ^pi} = idci>' - x^r},^f (4.9) 

The action (4.8) is in fact Q-exact, up to a total derivative term proportional to the 
pull-back of the Kahler form cuk — igijd(f)^ A complexified into J — B + iujk by 
including the coupling to the NS two-form: 

S^-i{Q^V}-t j (t>*{J) (4.10) 

where V is the "gauge fermion" 

V^t j d^z g,j (tlj\d^ + il?,dcl/) (4.11) 

This makes it clear that the theory is independent of the worldsheet metric, since the 
energy momentum tensor is Q-exact: 

dV 

Tap^iQM. ^-P-Q^p (4-12) 
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Moreover, the string tension t appears only in the total derivative term so, in a sector 
with fixed homology class j^(t)*{J), the semi-classical hmit i — > is exact. The path 
integral thus localizes^^ to the moduli space of Q-exact configurations, 

5-0^ = 0, dj' = (4.13) 

i.e. holomorphic maps from E to X. Moreover, the local observables of the A-model 
Ow = Wi^,,j^x^^ ■ ■ ■ X^", where Wi-^,,j„d(()^^ . . . dcj)^" is a differential form on X of de- 
gree n, are in one-to-one correspondence with the dc Rham cohomology of X. since 
{Q, Ow} = —Odw- Due to an anomaly in the conservation of the ghost charge, corre- 
lators of I observables vanish unless 

Vdeg(iyfe) =2d(l-^) + 2 / 0*(ci(X)) (4.14) 
fe=i 

The last term vanishes when the Calabi-Yau condition Ci{X) is obeyed. For Calabi-Yau 
threefolds, at genus the only correlator involves three degree 2 forms, 

(Ow.Ow.Ows)^ fWiAW2AWs+ / ^1 / ^2 /" (4.15) 

At genus 1, only the vacuum amplitude, known as the elliptic genus of X is non-zero. 
In Section 4.2, we will explain the prescription to construct non-zero amplitudes at any 
genus, by coupling to topological gravity. 

4.1.2 Topological B-model 

The other inequivalent choice consists in twisting into worldsheet scalars valued 
in TX^'^, while ■0+ and are (0, 1) and (1, 0) forms valued in TX^'^. Defining 

= ■0+ + '0-) ^i — gii{'^+ ~ '01) a,nd taking ^0!^ as the two components of a one- form 
p', the action may be rewritten as 

S ^it{Q,V} + tW (4.16) 

where 

V- Jj'^ 9i] {pW + pW) (4.17) 

W^-Jj^z (OiDp' + ^Rajj A pi v^Okg'"^ (4.18) 



^^Localization is a general feature of integrals with a fermionic symmetry Q: decompose the space 
of fields into orbits of Q, parameterized by a Grassman variable 9, times its orthogonal complement; 
since the integrand is independent of 6 by assumption, the integral J dO vanishes by the usual rules of 
Grassmannian integration. This reasoning breaks down at the fixed points of Q, which is the locus to 
which the integral localizes. 
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and the nilpotcnt operator Q = G- acts as 

{Q>^} = 0, {Q^cf^]^-ri\ {Q,ry^} = {g,^,} = 0, {Q , p'} ^ -id(t>' (4.19) 

Again, the energy-momentum tensor is Q-exact, so that the model is topological. It 
is also independent of the Kahler structure of X. and has a trivial dependence on 
t, since (apart from contributions from the Q-cxact term) t may be reabsorbed by 
rescaling 9 ^ 9/t. The semi-classical limit t — * oo is therefore again exact, and the 
path integral localizes on the fixed points of Q, which arc now constant maps, d(j)^ = 0. 
After localization, the path integral then reduces to an integral over X. 

The observables of the B-model are in one-to-one correspondence with degree (p, q) 
polyvector fields 

V = v^^;;-^ di^ . . . di^ d,n . . . d,j, e hp {x, m^t^'^x) (4.20) 

via dz^ ~ ~ Oj, since {Q,Ov} = —Oqv There are now two conserved ghost 

charges, and the anomaly in the ghost number conservation requires that 

I I 

Y.Pk = Y.^k = d{l-g) (4.21) 

k=l k=l 

For example, at genus 0, the only vanishing correlator on a Calabi-Yau three- fold 
involves three (1,1) polyvector fields Vj. Using the holomorphic (3,0) form, these are 
related to (2, 1) forms ^ijiV^ parameterizing the complex structure of X. The three- 
point function is 

{Ov.OvM = I V^lV^l V^p,^,,,, dz^^ A dz^' A dz^' A Q (4.22) 
giving access to the third derivative of the prepotential. 
4.2 Topological Strings 

Due to the conservation of the ghost number, we have seen that, from the sigma model 
alone, the only non-vanishing topological correlators are the three-point function on 
the sphere, and the vacuum amplitude on the torus. It turns out that the coupling to 
topological gravity allows to lift this constraint, and define arbitrary n-point amplitudes 
at any genus. 

Recall that in bosonic string theory, genus g amplitudes are obtained by introducing 
6(7 — 6 insertions of the dimension 2 ghost (or, rather, "antighost" ) h of diffeomorphism 
invariance, folded with Beltrami differentials G i?^(E, T^'°E): 

F9= {\[{hl^k)) (4.23) 
"'^9 fe=i 
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where 

(6, /x) = ^ d^z [h.^il + fil] (4.24) 

This effectively produces the Weil-Peterson volume element on the moduli space A4g 
of complex structures on the genus g Riemann surface S (compactified a la Deligne- 
Mumford). Since b has ghost number —1, this exactly compensates the anomalous 
background charge. 

After the topological twist, which identifies the BRST charge Q with (say) G+, it 
is natural to identify b with G-, in such a way that the energy- momentum tensor is 
given by T = {Q, b} — {G+, G^}. Hence, the genus g vacuum topological amphtude 
may be written as 

3g-3 

Fg^ {ll{G_,fi,) {G^,fik)) (4.25) 

JMg jfc^l 

where the upper (resp., lower) sign corresponds to the A-model (resp., B- model). Scat- 
tering amplitudes may be obtained by inserting vertex operators with zero ghost num- 
ber; these may be obtained by "descent" from a ghost number 2 operator 0^^\ 

dO^°^ = {Q, , dO^^^ = {Q, (4.26) 

Prominent examples of O'^'^^ arc of course Wax^x'^ the A-model, and V^rfOj in the 
B-model. These describes the deformations of the Kahler and complex structures, 
respectively. Arbitrary numbers of integrated vertex operators J d'^z O'^'^^ can then be 
inserted in (4.25) without spoiling the conservation of ghost charge number. 

Weighting the contributions of different genera by powers of the "topological string 
coupling" A, namely 

oo 

Fiop = J2^''~'^9 (4-27) 

9=0 

we obtain obtain a perturbative definition of the A and B-model topological strings. 
Since the worldsheet is topological, the target space theory has only a finite number 
of fields, so is really more a field theory than a string theory. In fact, the tree-level 
scattering amplitudes can be reproduced by a simple action X, known as "holomorphic 
Chern-Simons" in the A-model, and "Kodaira-Spcnccr" in the B-model; these describe 
the fluctuations of Kahler and complex structures, respectively. We refer the reader 
to [79] for an extensive discussion of these theories. 

4.3 Gromov-Witten, GopeLkumar-Vafa and Donaldson-Thomas Invariants 

We now concentrate on the topological vacuum amplitude (4.27) of the A-model on 
a Calabi-Yau threefold X. Up to holomorphic anomalies that we discuss in the next 



-36- 



section, Ftop can be viewed as a function of the complexified Kahler moduli — 
J. In the large volume limit (or more generally, near a point of maximal unipotent 
monodromy), it has an asymptotic expansion 

i^top = - gc2^^^ + Few (4.28) 

where Cabc are the triple intersection numbers of the 4-cycles 7^ dual to 7"^, and 
C2A — Xy^ C2(T(-^'°)X) are the second Chern classes of these 4-cycles. The first two 
terms in (4.28) are perturbative in a', while Fqw contains the effect of worldsheet 
instantons at arbitrary genus, 

Fgw^YI E N,,pe'-'^-''x'^-' (4.29) 
fl>o peH+{x) 

where the sum runs over effective curves P — Pa'J'^ with Pa > 0, and are (conjec- 
turally) rational numbers known as the Gromov-Witten (GW) invariants of X. It is 
possible to re-organize the sum in (4.29) into 

T 



9>0 (3eH+(X) d.>l 



2 sin 



-| 2g-2 

2TridPAt^ 



The coefficients Ug^jS are known as the Gopakumar-Vafa (GV) invariants, and are con- 
jectured to always be integer: indeed, one may show that the contribution of a fixed 
Pa in (4.30) arises from the one-loop contribution of a M2-brane wrapping the isolated 
holomorphic curve P^'Ja in X [80,81]. The GV invariants can be related to the GW 
invariants by expanding (4.30) at small A and matching on to (4.29), e.g. at leading 
order A~^, 

No,f3^J2'^^ "^^'/^^M (4-31) 

d\/3A 

which incorporates the effect of multiple coverings for an isolated genus curve. 

It should be noted that the sum in (4.29) or (4.30) includes the term P = 0, 
which corresponds to degenerate worldsheet instantons. It turns out that the only 
non- vanishing GV invariant at genus is no,o = —^x{^)y hence 

2 



F^. = -^X(X) 2.m(-j 



= -\x{X) /(A) (4.32) 



The function /(A), known as the Mac-Mahon function, may be formally manipulated 
into 



„idX 



00 00 



/w = -E5(rfps)5 = -EE^ = E"Mi-«") (4.33) 



d>l ^ ^ d=l n=l n=l 
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where q = e*^. The last expression converges in the upper half plane Im(A) > 0, 
and may be taken as the definition of the Mac-Mahon function, suitable in the large 
coupling limit A — > ioo. 

Exercise 14 Check that the coefficient ofq^ in the Taylor expansion o/exp(— /) counts 
the number of three-dimensional Young tableaux with N boxes. 

In order to analyze its contributions at weak coupling t — —iX — > 0, let us compute 
its Mellin transform^^ 

M{s) - r^.m = -r^±± Y'-' (4.34) 

Exchanging the integral and sums, the result is simply expressed in terms of Euler F 
and Riemann C functions, 

OO OO 

-EE ^M"^r(.) = -c(. - i)C(« + i)r(.) (4.35) 

d=l n=l 

The function jit) itself may be obtained conversely by 

jRe{s)=so 

where the contour is chosen to lie to the right of any pole of M(s). Moving the contour 
to the left and crossing the poles generate the Laurent series expansion of f{t). 

To perform this computation, recall that T{s) has simple poles at s = —n,n = 
0, 1, . . . with residue (— l)"/n!. Moreover, ((s) has a simple pole at s = 1, and "trivial" 

zeros at s = —2, —4, —6, The trivial zeros of ({s — 1) and ({s + 1) cancel the poles 

of r(s) at odd negative integer, leaving only the simple poles at even strictly negative 
integer, a double pole at s = and a single pole at s = 2. Altogether, returning to the 
variable A = it,we obtain the Laurent series expansion 

.m^i. - c'(i) . E (4.37) 

g — 2 

where we further used the relation ^(3 — 2g) — —B2g-2/{'^g — 2) {g > 2) between the 
values of C and Bernoulli numbers. 

^"^The following argument, due to S. Miller (private communication), considerably streamlines the 
computation in [6]. 
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(4.36) 



The leading term, proportional to C(3), leads to a constant shift —l/2x{X)({3) 
in the tree-level prepotential, and can be traced back to the tree-level R'^ term in the 
10-dimensional effective action, reduced along X [82-84]. The terms with g > 2 were 
first computed using heterotic/type II duality [85], and impressively agree with an 
independent computation of the integral over the moduli space M.g [86], 

Jm,'-'~ {2g-2)\{2g-2){2g) ^^"''^ 

The logarithmic correction in (4.37) originates from the double pole of M{s) at s = 0, 
and has no simple interpretation yet. It is nevertheless forced if one accepts that 
the correct non-pcrturbative completion of the degenerate instanton series is the Mac- 
Mahon function [5,6]. 

For completeness, let us finally mention the relation to a third type of topological 
invariants, known as Donaldson-Thomas invariants n/5T(g^,m) [87]: these count "ideal 
sheaves" on X, which can be understood physically as bound states of m DO-branes, 
D2-branes wrapped on q^'^A G -f^2(^) and a single D6-brane. S-duality imphes [88,89] 
that the partition function of Donaldson-Thomas invariants is related to the partition 
function of Gromov-Witten invariants by [90, 91] 

^Mqa, m) e**^«^g"^ = exp [Pawit, A) - |/(A)] (4.39) 

where q — —e'^. Such a relation may be understood from the fact that a curve may 
be represented either by a set of a equations (the Donaldson-Thomas side), or by an 
explicit parameterization (the Gromov-Witten side). This conjecture has been recently 
proven for any toric three-fold X [92] . 



4.4 Holomorphic Anomalies and the Wave Function Property 

In the previous subsection, we assumed that the topological amplitude was a function of 
the holomorphic moduli only. This is naively warranted by the fact that the variation 
of the anti-holomorphic moduli results in the insertion of an (integrated) Q-exact 
operator, 0^ = {G"*", [G^, (pj]}. By the same naive reasoning, one would expect that the 
n-point functions C^f be independent of t, and equal to the n-th order derivative of 
the vacuum amplitude Fg with respect to . . .f". Both of these expectations turn 
out to be wrong, due to boundary contributions in the integral over the moduli space 
of genus g Riemann surfaces. By analyzing these contributions carefully, Berschadsky, 
Cecotti, Ooguri and Vafa [79] (BCOV) have shown that the ? derivative of Fg is related 
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to Fh^g at lower genera via^^ 

= le'^'Cj^-k/'g''' {D,D,Fg., + j (4.40) 

where DiFg = {di — (2 — 2g)diIC)Fg, as appropriate for a section of where C is 

the Hodge bundle defined below (3.3). In (4.40), the first term on the r.h.s. originates 
from the boundary of Aig where one non-contractible handle of S is pinched, whereas 
the second term corresponds to the limit where a homologically trivial cycle vanishes, 
disconnecting E into two Riemann surfaces with genus h and g — h. A similar identity 
can be derived for n-point functions. Moreover, the latter are indeed obtained from 
the vacuum amplitude by derivation with respect to t\ provided one uses a covariant 
derivative taking into account the Levi-Civita and Kahler connections: 



Di,...Di^Fg ioTg>l,n>l 
CZ.. = {Di,... A„_3a„_,,„_,,„ for 5 = 0, rz > 3 (4.41) 

for 2^ - 2 + n < 



where Cijk is the tree-level three-point function. The resulting identities may be sum- 
marized by defining the "topological wave- function" 



^Bcov = A ^exp 



oo oo 
.3=0 n=0 



(4.42) 



Note that \E'bcov does not incorporate the genus 1 vacuum amplitude. In terms of this 
object, the identities (4.40) (or rather their generalization to n-point functions) and 
(4.41) are summarized by the two equations 



= - {^i + -'^) (4.43) 

9.< = r?,-^^ - - 1 - + It - S'^' - iiC'^'-'-' (4-4*) 

By rescaling — > ^ e-^^^^^^y where fi{t) is the holomorphic function in the 
general solution 

^1 = -\ log 1^1 + - i + ^ + f'^^ + f'^^ ^^-^^^ 



^^When 3=1, the holomorphic equation becomes second order, and can be read off from (4.43) 
below. 
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of the holomorphic anomaly equation for Fi, E. Verlinde [93] was able to recast (4. 43), (4. 44) 
in a form involving only special geometry data, 

a. = ie-C«,rt'=^^ + «..^g^ (4.46) 



where 



^ d ^ d ^ nv + 1 



9. + 9.C(.'^-A- + ^) (4.48) 



Here, \g\ = det{gij). The implications of these equations were understood in [94] and 
further clarified in [9,93,95]: ^{t,t;x,X) should be thought of as a single state |^) in 
a Hilbert space, expressed on a (t, f)-dependent basis of coherent states, 

<ifv{t,i;x,X)=^t,t){x\Xm (4.49) 

This is most easily explained in the B- model, where {x, \^^) and their complex con- 
jugate can be viewed as the coordinates of a 3-form 7 e R) on the Hodge 
decomposition 

7 = X~^n + x'DfL + x'UfL + X'^n (4.50) 
The space if^(X, M) admits a symplectic structure 

uj^ie-^ {gfjdx' A dx^ - dX'^ A dX~^^ (4.51) 

inherited from the anti-symmetric pairing (a, (3) — J-^aA^, which leads to the Poisson 
brackets between the coordinates 

{A-\ A-^} =ie'^ , \^x\x^^ = -ig'~^ (4.52) 

The phase H^{X, R) may be quantized by considering functions (or rather half-densities, 
to account for the zero-point energy) of (A"^, x') and representing and x^ as deriva- 
tive operators. 

The resulting wave function ^'(t,t;A, x) carries a dependence on the "background" 
variables (t,f) since the decomposition (4.50) does depend on these variables via Q. 
A variation of t and t generically mixes (A~^,x) with their canonical conjugate, and 
so may be compensated by an infinitesimal Bogolioubov transformation, refiected in 
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(4. 46), (4. 47). In fact, we can check that these two equations are hermitean conjugate 
under the inner product 

^ ' W ' ' (4.54) 

exp [-e'^x'QfjX^ + e-'^A'^A"^) ^'*(t, t; x, A)^(t, t; x. A) 

which is the natural inner product arising in Kahler quantization. In contrast to \1/ 
and ^' separately, the inner product is background independent (and, in fact, a pure 
number), by virtue of the anomaly equations. 

Exercise 15 Show that in the harmonic oscillator Hilbert space, the wave functions in 
the real and oscillator polarizations are related by (abusing notation) 

f{q) = J da'' e-'5^+«'/2-(«t)V2j(«t) ^ J e--?^-^V2+aV2j(Q) (4.55) 
Conclude that the inner product in oscillator basis is given by 

J dq nq)giq) = J dada'' e— V*(a)^(a^) (4-56) 

This observation suggests that there exists a different, background independent po- 
larization obtained by choosing a real symplectic basis , 7/ of three-cycles in H^i^X, Z), 
and expanding 

7 = p^ii + qn^ (4.57) 

The symplectic form is now just u = dqj A dp^ , so H^{X, M) can be quantized by con- 
sidering functions of p^ , and representing qi as id/dp^ ] equivalently, one may introduce 
a set of coherent states and define the wave function in the "real" polarization, 

^m(/) = (/I*) • (4.58) 

This is related to the wave function in the Kahler polarization by a finite Bogolioubov 
transformation^^ 

*r(pO = j dx' dX (:p^\x\X) <i/v{t,i;X,x) (4.59) 

The overlap of coherent states A) is a solution of the equations hermitian- 

conjugateto (4.46), (4.47) [9,93], 

{p^\x\ A) = e-("^+i)'C/2ydet gijexp --p^fuP^ + 2ip^[\mT]ij{X-^X^ + e-^'^x'fl) 

V 2 

+i {X-''X'[Iuvt]ijX' + 2X-^e-'^'''x'fl[luvT]ijX' + e'^x' fl[luvT]ijf-x^)] 

(4.60) 

precursor of this formula was already found in [79], although not recognized as such. 
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While the topological wave function in the real polarization has the great merit of 
being background independent, it is nevertheless not canonical, since it depends on 
a choice of symplectic basis. As usual in quantum mechanics, changes of symplectic 
basis are implemented by the metaplectic representation of Sp{2nv+'2) (or rather, of its 
metaplectic cover). In particular, upon exchanging A and B cycles, ^m(p^) is turned 
into its Fourier transform, which is the quantum analogue of the classical property 
discussed in Exercise 4 on page 14. 

For completeness, let us mention that there exists a different "holomorphic" polar- 
ization, intermediate between the Kahler and real polarizations, where the topological 
amplitude is a purely holomorphic function of the background moduli t*, satisfying a 
heat-type equation analogous to the Jacobi theta series [9]. Moreover, for "very special 
supergravities" , the holomorphic anomaly equations can be traced to operator identi- 
ties in the "minimal" representation of the three-dimensional duality group QConf(J); 
this is analogous to the case of the Jacobi theta series, where the Siegel modular group 
S'p(4, Z) plays the role of QConf(J). This hints at the existence of a one-parameter 
generalization of the topological string amplitude, which we return to in Section 7.5.3. 

5. Higher Derivative Corrections and Topological Strings 

In this section, we return to the realm of physical string theory, and explain how a 
special class of higher-derivative terms in the low-energy effective action can be re- 
duced to a topological string computation. We then discuss how these terms affect 
the Bekenstein-Hawking entropy of black holes, and formulate the Ooguri-Strominger- 
Vafa conjecture, which purportedly relates the topological amplitude to the microscopic 
degeneracies. 

5.1 Gravitational F-terms and Topological Strings 

In general, higher-derivative and higher-genus corrections in string theory are very hard 
to compute: the integration measure on supermoduli space is ill-understood beyond 
genus 2 (see [96] for the state of the art at genus 2), and the current computation 
schemes (with the exception of the pure spinor superstring, see e.g. [97]) are non- 
manifestly supersymmetric, requiring to evaluate many different scattering amplitudes 
at a given order in momenta. 

Fortunately, M = 2 supergravity coupled to vector multiplets has an off-shell su- 
perspace description, which greatly reduces the number of diagrams to be computed, 
and also provides a special family of "F-term" interactions, which can be efficiently 
computed. The most convenient formulation starts from J\f — 2 conformal supergrav- 
ity and fixes the conformal gauge so as to reduce to Poincare supergravity (see [50] 
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for an extensive review of this approach). The basic objects are the Weyl and matter 
chiral superfields, 

W^,{x, 9) = - ^R^^.paeapO'^'JxpO^ + ... (5.1) 

^'{x, e)=X' + ^J^l^eapO'^a'-'-ef' + ... (5.2) 

where a. /S = 1.2. T^y is an auxiUary anti-selfdual tensor, identified by the (tree-level) 
equations of motion as the graviphoton (3.14). From W one may construct the scalar 
chiral superfield 

W\x, 9) = T^,T>'^ - 2eij9'a'"'9^R^,xpT^'' - {9'f{9^fR^,xpR'"'^' + ■ ■ ■ (5.3) 

where the anti-self dual parts of R and T are understood. Starting with any holomor- 
phic, homogeneous of degree two function F($^, W'^), regular at W"^ — 0, 

00 

F($^ W"") = J2 Fg(^')W^' (5.4) 

5=0 

(where Fg is homogeneous of degree 2 — 2g) one may construct the chiral integral 

/« 00 
d'9d'x F($, W^) = ^tree + ^si^') {q R'T'^'' + " l){RTfT'^-^) + ... 

9=1 

(5.5) 

which reproduces the tree-level Af — 2 supergravity action based on the prepotential 
Fq, plus an infinite sum of higher-derivative "F-term" gravitational interactions (plus 
non-displayed terms). F{^^,W'^) is known as the generalized prepotential. 

In order to compute the coefficients Fg{X^), one should compute the scattering 
amplitude of 2 gravitons and 2g — 2 graviphotons in type II (A or B) string theory at 
leading order in momenta compactified on a Calabi-Yau threefold X. This problem 
was studied in [98], where it was shown (as anticipated in [79]) that it reduces to a 
computation in topological string theory. We now briefly review the argument. 

The graviphoton originates from the Ramond-Ramond sector; taking into account 
the peculiar couplings of RR states to the dilaton, Fg is identified as a genus g am- 
plitude^^. Perturbative contributions from a different loop order or non-perturbative 
ones are forbidden, since the type II dilaton is an hypermultiplet. The graviton vertex 
operator (in the superghost picture) is 

= h^^idXi" + ip-ijj ^^'){^X^' + ip-7j; i^i^y^^ (5.6) 

^^When X is K3-fibered, and in the limit of a large base, one can obtain the generalized prepotential 
from a one- loop heterotic computation [85,99]. 
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The vertex operator of the graviphoton (in the -1/2 superghost picture) is 



where 5", 5" are spin fields in the 4 non-compact dimensions, and E± is the spectral fiow 

operator (4.7) in the = (2, 2) SCFT. The insertion of 25? — 2 graviphotons induces a 
background charge J R^'^\ which induces the topological twist Lq Lq — ^J. The 
same process takes place in the SCFT describing the 4 non-compact directions. As a 
result, the bosonic and fermionic fluctuation determinants cancel. Moreover, choosing 
the polarizations of the graviton and graviphotons to be anti-self-dual, only the ipipipip 
terms in (5.6) contribute after summing over spin structures, and cancel against the 
contractions of the spin fields SS. 

Now we turn to the cancellation of the superghost charge: the integration over 
supermoduli brings down 2g — 2 powers of the picture-changing operator e'^Tp x cc, 
where Tp = G^ + G- is the supercurrent. In order to cancel the superghost background 
charge 2g — 2, it is therefore necessary to transform g — 1 of the 2g — 2 graviphoton 
vertex operators in the +1/2 picture. In total, we thus have 3g — 3 insertions of Tp- 
By conservation of the U{1) charge, it turns out that only the G_ and G± parts of Tp 
and Tp contribute. Finally, we reach 

„ 3g-3 

A = {gir / {Uil'aG-){fiaG^)) = {g\fF, (5.8) 

''■^9 a=l 

where the upper (lower) sign corresponds to type IIB (resp. IIA). We conclude that 
the generalized prepotential Fg[X) in type llA (B) string theory compactified on X is 
equal to the all genus vacuum amplitude (4.27) of the A (resp. B)-model topological 
string. The precise identification of the variables is 

To be more precise, the vacuum topological amplitude Fg{t,t), computes the physical 
R^T^^~^ coupling; it differs from the the holomorphic "Wilsonian" coupling Fg[X) 
appearing in (5.5) due to the contributions of massless particles. It is often assumed 
that these contributions are removed by taking t — 00 keeping t fixed; it would be 
interesting to determine whether this is indeed equivalent to going to using the real 
polarized topological wave function (4.59). 

For completeness and later reference, let us mention that, by a similar reasoning, 
the topological B-model (resp. A) in type IIA (resp. B) computes higher-derivative 
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interactions between the hypermultiplets, of the form [98] 



oo 



/ d^xJ^^giX) [g{ddS)\dZ)^<^-^ + 2g{g - l){ddSdZ)\dZf3-^] (5.10) 



where {S, Z) describes the universal hypermultiplet. It is also an interesting open 
problem to construct an off-shell superfield formalism which would describe all these 
interactions at once as F-terms. 

5.2 Bekenstein-Hawking-Wald Entropy 

In general, higher-derivative corrections affect the macroscopic entropy of black holes 
in two ways: 

i) they affect the actual solution, and in particular the relation between the horizon 
geometry and the data measured at infinity; 

ii) by modifying the stress-energy tensor, they change the relation between geometry 
and entropy. 

Moreover, since subleading contributions to the statistical entropy are non-universal, 
comparison with the microscopic result requires 

iii) specifying the statistical ensemble implicit in the low-energy field theory. 

As far as i) is concerned, and provided that we restrict to BPS black holes, the fact 
that the generalized M = 2 supergravity has an off-shell description simplifies the 
computation drastically: the supersymmetry transformation rules are the same as at 
tree-level; Cardoso, de Wit and Mohaupt [100-103] (CdWM) have shown that the 
horizon geometry is still AdS2 x 5"^, while the value of the moduh is governed by the 
a generalization of the stabihsation equations (3.43), 



where G/ is now the derivative of the generalized prepotential, Gj — dF{Y, W'^)/dY^. 

As far as ii) is concerned, Wald [104] has given a general prescription for obtaining 
an entropy functional that satisfies the first law of thermodynamics, in the context 
of a Lagrangian C{R) with a general dependence on the Riemann tensor: 



Re{Y^) = , Re{Gi) = qi , = 2^ 



(5.11) 




(5.12) 



where h is the induced metric on the horizon E, and e'^" is the binormal. 



The validity of the zero-th and second law was discussed in [105, 106]. 
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Exercise 16 Show that for C = —j^^R, (5-12) reduces to the usual Bekenstein- 
Hawking area law. 

While the M = 2 corrected Lagrangian does not have such a simple form, CdWM 
adapted Wald's construction and found a simple result generalizing (3.44) 

Sbhw = J {Y'Gi - Y'Gi) - -Im [WdwF] (5.13) 

where the r.h.s. should be evaluated at the attractor point (5.11). 

It should be emphasized that this result takes into account the contributions of 
the F-terms only; at a given order in momenta, there surely are other "D-terms" 
interactions which would contribute to the thermodynamical entropy. The results below 
suggest that such contributions should cancel for BPS black holes: a beautiful proof 
has been given in [107] , but assumes that the black hole can be lifted to 5 dimensions. 

5.3 The Ooguri-Strominger-Vafa Conjecture 

As noticed in [4], using the homogeneity relation Y^Gi + WdwF = 2F, it is possible 
to perform the same manipulation as in (3.46), and rewrite the entropy (5.13) as a 
Legendre transform 

?7r — — 77r — — 

Sbhw = j [{Y' - 2t<p')Gi - {Y' + 2t<p')Gi] + - [WdwF - Wd^F] (5.14) 

= |(i^-^) + |m + G'.) (5.15) 

= J^{p', (/>') + TT(t>'qj (5.16) 

of the "topological free energy" T{p^ , (j)^), which now incorporates the infinite series of 
higher derivative F-term corrections, 

:F(/, (j)^) = -TT Im [F{Y^ = + i(/>^; = 2^)] (5.17) 

In fact, there are now general arguments [107, 108] to the effect that the Bekenstein- 
Hawking-Wald entropy is equal the Legendre transform of the Lagrangian evaluated 
on the near-horizon geometry; in the case of A/" = 2 supergravity, the equality of this 
Lagrangian with the topological free energy J-'{p,(f)) was checked recently in [28]. 

As argued by OSV, the simplicity of (5.16) strongly suggests that the thermody- 
namical ensemble implicit in the BHW entropy is a "mixed" ensemble, where magnetic 
charges are treated micro-canonically but electric charges are treated canonically; the 
thermodynamical relation (5.16) should then perhaps be viewed as an approximation 
of an exact relation between two different statistical ensembles 

J2 ^(/, 9/)e-"'^'^^ = e^^'''*''^ (5.18) 



-47- 



where fl{p^ , qi) are the "microcanonical" degeneracies of states with fixed charges 
(p^) Qi)-, and the sum runs over the lattice K^i of electric charges. Making use of (5.17), 
the right-hand side may be rewritten as 

^{p'.qi)e--^''' = |^top(/ + #',2«)r (5.19) 

ii&Ki 

or, conversely, 

qi) = j d<P' |^top(/ + ^0', 2«)|2e-'^'^^ (5.20) 

It should be stressed that going from the "OSV fact" (3.49) to the OSV conjecture 
(5.19) involves a considerable leap of faith which should not be taken lightly. 

In its strongest form, the conjecture provides a way to compute the exact micro- 
scopic degeneracies fl{p^,qi) from the topological string amplitude F{X,W^). How- 
ever, this would most hkely require extending the definition of F{X, W"^) to include 
non-perturbative contributions in W. Conversely, one may hope to understand the 
non-perturbative completion of the topological string from a detailed knowledge of 
black hole degeneracies. The weaker, more concrete form of the OSV conjecture states 
that the relation (5.20) should hold asymptotically to all orders in inverse charges. 

The conjecture calls for some immediate remarks: 

• While the formula (5.20) at first sight seems to treat electric and magnetic charges 
differently, it is nevertheless invariant under electric-magnetic duality, provided 
that the topological amplitude ^top transforms in the metaplectic representation 
of the symplectic group (see Exercise 18 on page 58 below). Thus, \t'top should be 
understood as the topological wave function ^r(p^) in the real polarization [93], 
which may be different from the i — > oo limit, as stressed below (5.9). 

• Upon analytically continuing (j)^ = ix^ , the r.h.s. of (5.20) defines the Wigner 
function associated to the quantum state ^I'top (we shall return to this observation 
in Section 7). As it is well known in quantum mechanics, it is not definite positive, 
so if the strong conjecture is to hold, Q,(p, q) should probably refer to an index 
rather than to an absolute degeneracy of states. This fits well with the fact 
that ^top contains only information about F-term interactions, which is probably 
insufficient to encode the absolute degeneracies. 

• Due to charge quantization, the l.h.s. of (5.19) is formally periodic under imag- 
inary shifts (f)^ ^ (f)^ + 2ik^ , e Z, which is not the case of the r.h.s. l^topP- 
This can be repaired by replacing (5.19) by 

Q{p^,qi)e-'"l'''i' ^ J2 {p^ - - {p^ + 2k^ + (5.21) 



-48- 



without affecting tlie converse statement (5.20). Tliis r.h.s. of this equation 
is reminiscent of a theta series. Similar averaging have indeed been found to 
occur in some non-compact models [109,110]. Note however that this averaging 
renders the prospect of recovering the non-perturbative generalization of ^'top 
from qi) more uncertain. 

• The sum on the l.h.s. of (5.19) does not appear to converge, which reflects 
the thermodynamical instability of the mixed ensemble. Moreover, specifying 
the integration contour in (5.20) would require understanding the singularities of 
the topological amphtude. These subtleties do not affect the weak form of the 
conjecture, since the saddle point approximation to (5.20) is independent of the 
details of the contour. 

• A variant of the OSV conjecture (5.20) has been proposed in [58], which involves 
an integral over both and , or equivalcntly a thermodynamical ensemble 
with fixed electric and magnetic potentials (sec Exercise 7 on page 23). It would 
be interesting to demonstrate the equivalence of this approach with the one based 
on the holomorphic polarization of the topological amplitude [93] . 

The OSV conjecture has been successfully tested in the case of non-compact Calabi- 
Yau manifolds of the form 0{—m) ® 0{2g — 2 + m) — > Eg, where E is a genus g 
Riemann surface [109,110]: BPS states are counted by topologically twisted SYM on 
D4-brane wrapped on a 4-cycle 0{—m) — * S, which is equivalent to 2D Yang Mills 
(or a g-deformation thereof, when g 1). At large N, the partition function of 2D 
Yang-Mills indeed factorizes into two chiral halves [HI], which indeed agree with the 
topological amplitude computed independently. Exponentially suppressed corrections 
to the large N limit of 2D Yang-Mills have been studied in [112], and seem to call for a 
"second quantization" of the r.h.s. of (5.19). For J\f — A and Af — 8 compactifications 
on K3 X and T^, the formula (5.20) has been compared to the prediction for dyons 
degeneracies based on U-dualities, and agreement has been found in the semi-classical 
approximation [113]. More recently, several "derivations" of the weak form of the 
OSV conjecture have been given, using a M2 — M2 or D6 — D6 representation of 
the black hole, and some modular properties of the partition function [114-117]. These 
approaches make it clear that the strong form of the conjecture cannot hold, and suggest 
possible sources of deviations from the "modulus square" form. 

In the next Section, we shall present a precision test of the OSV conjecture in the 
context of small black holes in J\f — A and M — 2 theories, whose microscopic counting 
can be made exactly. 
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6. Precision Counting of Small Black Holes 

In order to test the OSV conjecture, one should be able to compute subleading correc- 
tions to the microscopic degeneracies Q{p,q). Due to subtleties in the "black string" 
CFT description of 4-dimensional black holes, it has not been hitherto possible to 
reliably compute subleading corrections to (2.17) for generic BPS black holes. 

On the other hand, the heterotic string has a variety of BPS excitations which can 
be counted exactly using standard wordsheet techniques. Since these states are only 
charged electrically (in the natural heterotic polarization), their Bekenstein- Hawking 
entropy evaluated using tree-level supergravity vanishes. This means that higher- 
derivative corrections cannot be neglected, and indeed, upon including corrections 
to the effective action, a smooth horizon with finite area is obtained. We refer to these 
states as "small black holes", to be contrasted with "large black holes" which have 
non- vanishing entropy already at tree level. This section is based on [5,6, 118]. 

6.1 Degeneracies of DH states and the Rademacher formula 

The simplest example to study this phenomenon is the heterotic string compactified 
on T^. A class of perturbative BPS states, known as "Dabholkar-Harvey" (DH) states, 
can be constructed by tensoring the ground state of the right-moving superconformal 
theory with a level N excitation of the 24 left-moving bosons, and adding momentum n 
and winding w along one circle in such that the level matching condition A^ — 1 = nw 
is satisfied [119,120]. The number of distinct DH states with fixed charges {n,w) is 
Q{n,w) = P24{N), where P2a{N) is the number of partitions on N into the sum of 
24 integers (up to an overall factor of 16 corresponding to the size of short A/" = 4 
multiplets, which we will always drop). Accordingly, the generating function of the 
degeneracies of DH states is 

oo ^ 

q""-' = (6.1) 

where A(g) is Jacobi's discriminant function 

oo 

m-'n'\q)-q\{{l-q''f' (6-2) 

n=l 

In order to determine the asymptotic density of states at large N — 1 = nw, it is 
convenient to extract d{N) from the partition function (6.1) by an inverse Laplace 
transform. 
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where the contour C runs from e — m io e + ivr, parallel to the imaginary axis. One 
may now take the high temperature limit e ^ 0, and use the modular property of the 
discriminant function 





2^ 



-12 



As e ^■^^/''^ ^ 0, we can approximate A(g) ~ q and write the integral as 



16 



P24( 



27ri 



c 



27r 



12 



(6.4) 



(6.5) 



This integral may be evaluated by steepest descent: the saddle point occurs at P 
27r/\/N — 1, leading to the characteristic Hagedorn growth 



P24{N) ~ exp {A7r^/nw) 



(6.6) 



for the spectrum of DH states. 

To calculate the sub-leading terms systematically in an asymptotic expansion at 
large N, one may recognize that (6.5) is proportional to the integral representation of 
a modified Bessel function, 

.e+ioo 



(6.7) 
(6.8) 

+ ... 

(6.9) 

where /i — Ai/^, we can compute the subleading corrections to the microscopic entropy 
of DH states to arbitrary high order, 

675 675 

loe- 2 

2 



We thus obtain 

n{n, w) = p2i{N) ^ 2^ 7i3 (AnVrvw) . 
Using the standard asymptotic expansion of iu{z) at large z 

(p-l) , (^-l)(^-3=) - 1)(^ - 3=)(^ - 5= 



8^ 



+ 



2!(8^)^ 



3!(8^)= 



27 15 
logr2(n, w) ~ 4:n\/\nw\ — — log \nw \ + — log 2 — 



(6.10) 



327^^/\nw\ 2^n^\nw\ 

This is still not the complete asymptotic expansion of Jl(n, w) at large charge. Ex- 
ponentially suppressed corrections to (6.8) can be computed by using the Rademacher 
formula (see [121] for a physicist account) 



c=l /i=l m+A^<0 

"47r 



|m + A^|^-"/i 



■ / 

y|m + A^|(n + A,) 



(6.11) 
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In this somewhat formidable expression, Fn{m) denote the Fourier coefficients of a 
vector of modular forms 

/m(^)=?^''E^mM?"^ /. = l,...,r (6.12) 

m>0 

which transforms as a finite-dimensional unitary representation of the modular group 
of weight w < 0, with 

/> + l)=e2-^''/^(r) (6.13) 
U-l/r) = i-irrs^Mr) (6.14) 

The coefficients Kl(n, u, m, n; c) are generalized Kloosterman sums, defined as 

Kl(n, u; m, ^i;c)^ Yl e'^^^^'^'^^ M{^,,aU e^-^C^+A,) ^g^^^^ 

0<d<c;dAc=l 

where 

fa{ad-l)/c\ 

is an element of Sl{2,Z) and M{'y) its matrix representation. For c = 1 in particular, 
we have: 

K\{n,iy,m,n;c=l) = S~il (6.17) 

Going back to (6.11), we see that the growth of the Fourier coefficients is determined 
only by the Fourier coefficients of the "polar" part F^{m) where m + < 0, as well 
as some modular data. The Ramanuj an- Hardy formula 



F^(n) ~ exp 



27ri/^n 



(6.18) 



is reproduced by keeping the leading term c = 1 only, using A = Ccs/24,w = — Ccfr/2 
and the asymptotic behavior (6.9). The terms with c > 1 also grow exponentially, but 
at a slower rate than the term with c — 1. They therefore contribute exponentially 
suppressed contributions to log F^, (n) . 

Applying (6.11) to the case at hand, we have the convergent series expansion 

°° /4 \ 

fl{n, w) = 2^ c"^^ K\{nw + 1, 0; c) \^-n>/\nw\j (6.19) 
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6.2 Macroscopic entropy and the topological amplitude 

We now turn to the macroscopic side, and determine the Bekenstein-Hawking-Wald 
entropy for a BPS black hole with the above charges. Since the attractor formalism is 
tailored for TV = 2 supergravity, one should first decompose the spectrum in A/" = 2 
multiplets: the jV = 4 spectrum decomposes into one M — 2 gravity multiplet, 2 
gravitino multiplets and riy = 23 vector multiplets (not counting the graviphoton) . 
Provided the charges under the 4 vectors in the gravitino multiplets vanish, the M — 2 
attractor mechanism applies. 

The topological amplitude Fi has been computed in [122] , and can be obtained as 
the holomorphic part of the amplitude at one-loop, 

fn^^2A\og{TMT)\') (6-20) 

where T, U denote the Kahler and complex structure moduli of the torus T^. All higher 
topological amplitudes Fg for > 1 vanish for models with J\f = 4 supersymmetry. We 
therefore obtain the generalized prepotential 

1 X" Y'' w"^ 
F(X',W^) = — Y Cab ^logA(g) (6.21) 

a,b=2 

where Cab is the intersection matrix on H'^{K3), T = X^/X^ and q = e'^'"'^'^. The 
appearance of the same discriminant function A(g) as in the microscopic heterotic 
counting (6.1) is at this stage coincidental. 

Identifying = w, qq = n and allowing for arbitrary electric charges qo, qi=2..23, 
the black hole free energy (5.17) reduces to 

^(0^/) = -log|A(g)r (6.22) 



where 

27r / 1 . IX 
? = exp —[p +1(1) ) 



(6.23) 



The Bekenstein-Hawking-Wald entropy is then obtained by performing a Legendre 
transform over all electric potentials — 0, ... 23. The Legendre transform over 
0a=2..23 gg-j-g 0a _ (^o^pi-^^^ob^^^ where C"^ is the inverse of the matrix Cab- We will check 
a posteriori that in the large charge limit, it is consistent to approximate A(g) ~ q, 
whereby all dependence on (p^ disappears. We thus obtain 



Sbhw ~ ( 



■- — 0^ + 47r— + 7r0"go 

2 p^ qr 



(6.24) 
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The extremum of the bracket hes at 



(t>l = \^/-P^lqo , qo = qo + ^C^'qaqb (6.25) 



so that at the horizon the Kahler class ImT ~ ^/—p^Qo is very large, justifying our 
assumption. Evaluating (6.24) at the extremum, we find 

SBH^^7ry/Qy2 , Q^^2p'qo + C'''qaqb (6.26) 

in agreement with the leading exponential behavior in (6.10), including the precise nu- 
merical factor. Note that the argument up to this stage is independent of the OSV con- 
jecture, and relies only on the classical attr actor mechanism in the presence of higher- 
derivative corrections. The fact that the Bekenstein-Hawking entropy of small black 
holes comes out proportional to Q^/2 was argued in [123-125]. based ongeneral scal- 
ing arguments. The precise numerical agreement was demonstrated in [118], although 
with hindsight it could also have been observed by the authors of [38] . This agreement 
indicates that the tree-level coupling in the effective action of the hctcrotic string on 
(or, equivalently, large volume limit of the 1-loop coupling in type 11A/K3 x T^) 
is sufficient to cloak the singularity of the small black hole behind a smooth horizon. 
This is in fact confirmed by a study of the corrected geometry [125-127]. 

6.3 Testing the OSV Formula 

We are now ready to test the proposal (5.20) and evaluate the inverse Laplace transform 
of exp{J^) with respect to the electric potentials. 



(6.27) 



Due to the non-definite signature of Cab, the integral over 0" diverges for real values. 
This may be avoided by rotating the integration contour to e -|- for all 0's. The 
integral over 0" is now a Gaussian, leading to 

nosv{Q)=J ^'^°^'^'(7)"^-p(-^^'^° + ^o/) (6.28) 

where we dropped numerical factors and used the fact that det C — 1. The asymptotics 
of Q is independent of the details of the contour, as long as it selects the correct 
classical saddle point (6.25) at large charge. Approximating again A(g) ~ q, we find 
the quantum version of (6.24), 

nosviQ) - j d<t^' d<t^' {^^ exp - 471^ + go0°) (6.29) 
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The integral over 0^ superficially leads to an infinite result. However, since the free 
energy is invariant under (p^ (f>^ + (p^, it is natural to restrict the integration to a 
single period [0, leading to an extra factor of 0° in (6.29). The integral over 0° is 
now of Bessel type, leading to 



in impressive agreement with the microscopic result (6.8) at all orders in 1/Q. 
Some remarks on this computation are in order: 

• Note that the extra factor {p^Y in Eq. (6.30) is inconsistent with S0{6, 22, Z) du- 
ality, which requires the exact degeneracies to be a function of only. Moreover, 
the agreement depends crucially on discarding the non-holomorphic correction 
proportional to logT2 in Fi. Both of these issues call for a better understanding 
of the relation between the physical amplitude and the topological wave function 
in the real polarization. It should be mentioned that an alternative approach has 
been developped by Sen, keeping the non-holomorphic corrections but using a 
different statistical ensemble [128,129]. 

• The "all order" result (6.30) depends only on the number of A/" = 2 vector mul- 
tiplcts, as well as on the leading large volume behavior of Fi ~ g/(1287ri). By 
heter otic/type 11 duality, this term is mapped to a tree-level li^ interaction on 
the heterotic side, which is in fact universal. We thus conclude that in all jV' = 2 
models which admit a dual heterotic description, provided higher genus Fg^i and 
genus 0,1 Gromov-Witten instantons can be neglected, the degeneracies of small 
black holes predicted by (5.20) are given by 



where ny is the number of Abelian gauge fields, including the graviphoton. We 
return to the validity of the assumption in the next subsection. 

Exercise 17 By applying a similar argument to large black holes with p^ = 0, 
assuming that only the large-volume limit of Fi contributes, show that the OSV 
conjecture (5.20), in the saddle point approximation, predicts [5, 6] 




(6.30) 




(6.31) 




(6.32) 
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where 



Cab{p) = CabcP^, C{p) = CabcpVp"", C{p) = C{p) + C2aP^ , (6.33) 



and compare to the microscopic counting (2.19). 

• In order to see if the strong version of the OSV conjecture has a chance to hold, 
it is instructive to change variable to /3 = 7r/i in (6.3) and rewrite the exact 
microscopic result as 



On the other hand, it is convenient to change variables in the OSV integral (6.28) 
to Ti = (j)^ / (f)'^ , T2 = —p^/(j)^, with Jacobian d(jPd4>^ = 8(p^)^(iri(ir2/r|, leading to 



Despite obvious similarities, it appears unlikely that the two results are equal 
non-pert urbatively. 

• Just as the perturbative result (6.8), the result (6.30) misses sublcading terms in 
the Rademacher expansion (6.19). It does not seem possible to interpret any of 
the terms with c > 1 as the contribution of a subleading saddle point in either 
(6.5) or (6.28). 

Despite these difficulties, it is remarkable that the black hole partition function in 
the OSV ensemble, obtained from purely macroscopic considerations, reproduces the 
entire asymptotic series exactly to all orders in inverse charge. Recent developments 
show that this agreement is largely a consequence of supcrsymmetry and anomaly 
cancellation for black holes which have an AdS^ region [107, 130, 131] (see also the 
lectures by P. Kraus [132] in this volume). 

6.4 = 2 Orbifolds 

We conclude this section with a few words on small black holes in jV = 2 orbifolds, 
referring to [5,6] for detailed computations. We find that the agreement found in jV = 4 
models broadly continues to hold, with the following caveats: 

• In contrast to jV' = 4 cases, the neglect of Gromov-Witten instantons is harder to 
justify rigorously: when x(X) ^ 0, the series of point-like instantons contribution 




(6.34) 




(6.35) 
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becomes strongly coupled in the regime of validity of the Rademacher formula, 
^0 ^ ^ip)- The strong coupUng behavior is controlled, up to a logarithmic 
term, by the Mac-Mahon function (4.33), which is exponentially suppressed in 
this regime. The logarithmic term in (4.37) may be reabsorbed into a redefinition 
of the topological string amplitude ^^top A^/^^^top- As for non-degenerate 
instantons, they are exponentially suppressed provided all magnetic charges are 
non zero. This is unfortunately not the case for the small black holes dual to the 
heterotic DH states, whose Kahler classes are attracted to the boundary of the 
Kahler cone at the horizon. 

• For BPS states in twisted sectors oiH — 2 orbifolds, we find that the instanton- 
deprived OSV proposal appears to successfully reproduce the absolute degenera- 
cies^ equal to the indexed degeneracies, to all orders. For untwisted DH states of 
the OSV prediction appears to agree with the absolute degeneracies of untwisted 
DH states to leading order ( which have the same exponential growth as twisted 
DH states), but not at subleading order (as the subleading corrections in the un- 
twisted sector are moduli-dependent, and uniformly smaller than in the twisted 
sectors). The indexed degeneracies are exponentially smaller than absolute de- 
generacies, due to cancellations of pairs of DH states, so plainly disagree with the 
OSV prediction. 

7. Quantum Attractors and Automorphic Partition Functions 

In this final chapter, we elaborate on an intriguing proposal by Ooguri, Verlinde and 
Vafa [7], to interpret the OSV conjecture as a holographic duality between the usual 
Hilbert space of black hole micro-states quantized with respect to global time, and the 
Hilbert space of stationary, spherically symmetric geometries quantized with respect 
to the radial direction. Although we shall find some difficulties in implementing this 
proposal literally, this line of thought will prove fruitful in suggesting non-perturbative 
extensions of the OSV conjecture. In particular, we shall find tantalizing hints of a one- 
parameter generalization of the topological string amplitude in A/" = 2 theories, and 
obtain a natural framework for constructing automorphic black hole partition functions 
(in cases with suitably large U-duality groups) which go beyond the Sicgcl modular 
forms discussed in Section 2.5. This chapter is based on [8-11] and on-going work 
[12,13]. 

7.1 OSV Conjecture and Quantum Attractors 

In order to motivate this approach, recall that, after analytically continuing 0^ = ix^ 
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to the imaginary axis, the r.h.s. of the OSV conjecture (5.20) 

^{p', qi) ~ j dx'noM + X0^top(/ - xOe^"^''^ = W^*.op(/, qi) (7-1) 

could be interpreted as the Wigner distribution associated to the wave function ^top- 
In usual quantum mechanics, the Wigner distribution W^{p, q) is a function on phase 
space associated to a wave function ip{q), such that quantum averages of Weyl-ordered 
operators on are equal to classical averages of their symbols with respect to W^, 

{iP\0{p,qM = Jdpdq W4p,q) 0{p,q) (7.2) 

Moreover, when ip satisfies the Schrodinger equation, W satisfies the classical Liouville 
equation to leading order in h; the Wigner distribution is thus a useful tool to study 
the semi-classical limit. The above observation thus begs the question: what is the 
physical quantum system of which ^top is the wave function^^, and how come does it 
encode the black hole degeneracies ? 

Exercise 18 Show that 

W^{p',qi) = W^(^^,2p') (7.3) 

where ip{(f)) — J dx e*'^^'^ 'ipix) the Fourier transform ofip. 

In order to try and answer this question, it is useful to reabsorb the dependence 
on the charges (p^, qi) into the state itself, by defining 

*J,(X) ^ e^'^'^^^t^ix TP)^ ■ %oM (7.4) 
Equation (7.2) is then rewritten more suggestively as an overlap of two wave functions, 

^{P,q)- J dx m;,,{x) K,{X) (7.5) 

On the other hand, recall that the near horizon geometry AdS2 x 5^, written in global 
coordinates as 

ds' = \Z,\' ( ''^I'J^''' + d'n) (7.6) 



cos^ a 



has two distinct conformal boundaries at cr = 0,n, respectively; its Euclidean sections 
at finite temperature have the topology of a cylinder (see Figure 3). 



19 



Or, to paraphrase Ford Prefect, what is the Question to the Answer ^top ? 
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Exercise 19 Check that the metric (7.6) is equivalent to (2.13) upon changing coordi- 
nates T — arctan(2; + i) — arctan(2; — t) , a — arctan(2; + i) + arctan(2; — t) . Map out 
the portion of the global geometry covered by the Poincare coordinates z, t. 

With this in mind, it is tempting to view (7.5) as an analogue of open/closed 
duahty for conformal field theory on the cylinder, 

Tr e~'^*-'^open = (^B'\e~'^^''^°'""^\B) (7 7) 

where \B) and \B') are closed string boundary states. The right-hand side of (7.5), 
analogue of the closed string channel, is identified with the partition function of quan- 
tum gravity on AdS2 x in radial quantization along the space- like coordinate a, 
with boundary conditions at cr = 0, tt specified by the "boundary states" g, while 
the left-hand side, analogue of the open string channel, is recognized as a trace of the 
identity operator in a sector of the Hilbert space for quantization along the global time 
coordinate r, with fixed charges , qj (the absence of an analogue of the Hamiltonians 
i^open and inclosed Can be traced to diffeomorphism invariance, which requires physical 
states to be solutions of the Wheeler-De Witt equation H\ijj) = 0). It should be stressed 
that the Hilbert spaces for time-like and radial quantization are distinct, just like the 
open string and closed string Hilbert spaces are different. 

For this interpretation to make sense, it should of course be possible to view ^top 
as a state in the Hilbert space for radial quantization. This is, at least superficially, 
consistent with the wave function interpretation of \E'top discussed in Section 4.4, and 
would in fact provide a nice physical interpretation of this otherwise mysterious quan- 
tum mechanical behavior. Moreover, the functional dimension, ny + 1, of the Hilbert 
space hosting ^'top, is roughly in accordance with the number of complex scalars z"^ 
varying radially in the black hole geometry. This leads one to expect that ^top may 
provide a radial wave function for the vector-multiplet scalars, in a truncated Hilbert 
space where only static, spherically symmetric BPS configurations are kept. Such a 
"mini-superspace" truncation is usually hard to justify, but may hopefully be suitable 
for the purpose of computing indexed degeneracies of BPS black holes, in the same way 
as the Ramond-Ramond ground states in the closed string channel control the growth 
of the index in the open string Ramond sector. 

This brings us to the problems of (i) quantizing the attractor flow (3. 27), (3. 28), 
(ii) showing that the resulting Hilbert space is the correct habitat for ^'top, and (iii) 
finding a physical principle that selects ^'top among the continuum of states in that 
BPS Hilbert space. Answering these questions will be the subject of the rest of this 
chapter. Before doing so, several general remarks are in order: 
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The idea of radial quantization of static black holes has a long history in the 
canonical gravity literature, e.g. [133-138]. The main new ingredients here are 
supersymmetry, which may provide a better justification for the mini-superspace 
approximation, and holography, which offers the possibility to reconstruct the 
spectrum of the global time Hamiltonian from the overlap of two radial wave 
functions. The quantization of BPS configurations has been considered recently 
in various set-ups and found to agree with gauge theory computations [139-144]. 

The "channel duality" argument is in line with the usual AdS/CFT philosophy 
that the black hole micro-states should be described by "gauge theoretical" de- 
grees of freedom living on the boundary of AdS2- Contrary to higher dimensional 
AdS spaces, the conformal quantum mechanics describing AdS2 is still largely 
mysterious, and the above approach is a possible indirect route towards deter- 
mining its spectrum. 

One usually assumes that black hole micro-states can be described only in terms 
of the near horizon geometry. The above proposal to quantize the whole attractor 
flow seems to be at odds with this idea. A possible way out is that the topological 

wave function be a fixed point of the quantum attractor flow. In the sequel, we 
will study the full quantum attractor flow, from asymptotic inflnity to the horizon, 
as a function of the Poincarc radial coordinate r (rather than the "global radial 
coordinate ex" , which is well deflned only near the horizon) . 

The analogy between global AdS2 and open strings explained below Eq. (7.7) 
can be pushed quite a bit further: due to pair production of charged particles, 

a black hole may fragment in different throats, analogous to the joining and 
splitting interactions of open strings [145] (see [146] for a pcrturbative approach to 
this problem). The study of exponentially suppressed corrections to the partition 
function in certain non-compact Calabi-Yau threefolds suggests that the attractor 
flow should be "second quantized" to allow for this possibility [112]. Note that 
the process whereby two ends of an open string join to form a closed string does 
not seem to have a black hole analogue. 

Finally, let us mention that further interest for the quantization of attractor flows 
stems from the relation between black hole attractor equations and the equations 
that determine supersymmetric vacua in flux compactiflcations (sec e.g. [26] for 
a recent discussion). Upon double analytic continuation, one may hope to relate 
the black hole wave function to the wave function of the Universe, and address 
vacuum selection in the Landscape [7] . There are however many difficulties with 



Figure 3: Left: the cylinder amplitude in string theory can be viewed either as a trace over 
the open string Hilbert space (quantizing along r) channel) or as an inner product between 
two wave functions in the closed string Hilbert space (quantizing along a). Right: The global 
geometry of Lorentzian AdS2 has the topology of a strip; its Euclidean continuation at finite 
temperature becomes a cylinder, r and t are the global and Poincare time, respectively. 



this idea that we shall not discuss here. At any rate, it will be clear that our 
discussion of radial quantization bears many similarities with "mini-superspace" 
approaches to quantum cosmology. 



7.2 Attractor Flows and Geodesic Motion 

The most convenient route to quantize the attractor flow, or more generally perform 
the radial quantization of stationary, spherically symmetric black holes, is to use the 
equivalence between the equations governing the radial evolution of the fields in four 
dimensions, and the geodesic motion of a fiducial particle on an appropriate pseudo- 
Riemannian manifold [147]. This equivalence holds irrespective of super symmetry, so 
we consider the general two-derivative action for four- dimensional gravity coupled to 
scalar fields and gauge fields A^, 

S4 = ^J R[^] d'^x + Qij dz' A i.dz^ - A(tiji.F-^ + 9ij AF'^'^ . (7.8) 

Here, 7 denotes the four-dimensional metric, gij the metric on the moduli space AI4 
where the (real) scalars take their values, F^ = dA\ and the (positive definite) gauge 
couplings tij and angles djj are in general functions of 2;*. In (7.8), we have dropped 
the contribution of the fermionic fields, but we shall reinstate them in Section 7.3 below 
when we return to a supersymmetric setting. Moreover, since the pseudo-Riemannian 
manifold already arises under the sole assumption of stationarity, we begin by relaxing 
the assumption of spherical symmetry. 
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7.2.1 Stationary solutions and KK* reduction 

A general ansatz for stationary metrics and gauge fields is 

-f^^dx^'dx'' = -e'^^idt + ujf + e-2^7ijdx^dxj , A{ = C^dt + Al . (7.9) 

where the three-dimensional metric 7ij, one-forms A^^ui and scalar [/, C^, 2;*, are general 
functions of the coordinates x^ on the three-dimensional spatial slice. Since all these 
fields are independent of time, one may reduce the four-dimensional action (7.8) along 
the time direction and obtain a field theory in three Euclidean dimensions. This process 
is analogous to the usual Kaluza-Klein reduction, except for the time-like signature of 
the Killing vector 9^, which leads to unusual sign changes in the three-dimensional 
action. 

Just as in usual Kaluza-Klein reduction, the one-forms A3 and uo can be dualized 
into axionic scalars C/i o"i using Hodge duality between one-forms and pseudo-scalars 
in three dimensions. Thus, the four-dimensional theory reduces to a gravity-coupled 
non-linear sigma model 

Sz=\j iVg^ R[9s] + 9ab dr A *d<f>') (7.10) 

whose target manifold A^g includes the four-dimensional scalar fields 2;* together with U, 
, (i, a. The metric Qab on Ai^ has indefinite signature, and can be obtained by analytic 
continuation {C^,Ci) ~^ ^(C'^)C/) [147,148] from the (Riemannian) three-dimensional 
moduli space Ms arising in standard, spacehke, Kaluza-Klein reduction, (see e.g. [149]) 

dsli. ^2dU^ + Qij dz'dz^ + -e-^^ (da + C^dQ - CidC^Y 

tjj dc'dc' + (dCi + eiKdC"") (do + ejLdc"-) 



where t^^ = [i"''^]^"^. Importantly, M% always possesses (at least) 2n -\- 2 isometries 
corresponding to the gauge symmetries of A^, A/, a;, as well as rescalings of time t. The 
Killing vector fields generating these isometries read 

p' = % - C'd, , qi = -d^i - Cid, , k^d,, (7.12a) 

M^-(du + C'd^i + C'd^j + 2ada^ (7.12b) 
and satisfy the Lie-bracket algebra 

\p',qj] = -2d!jk (7.13a) 

[M, p'] = p' , [M, qi] = qi , [M, k] = 2k (7.13b) 
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In general, stationary solutions in four dimensions are therefore given by harmonic 
maps from the three-dimensional slice, with metric 7ij, to the three-dimensional moduli 
space AI3, such that Einstein's equation in three-dimension is fulfilled, 

^ij [7] = 9a, {d-^n / - 7" 7ij) (7.14) 

Moreover, the Killing vectors , qj, k, M give rise to conserved currents, whose con- 
served charges will be identified with the overall electric and magnetic charges, NUT 
charge and ADM mass of the configuration. 

7.2.2 Spherical symmetry and geodesic motion 

Now, let us restrict to spherically symmetric, stationary solutions: the spatial slices 
can be parameterized as 

^ijdx'da^ = N^{p) dp"^ + r^{p) {de^ + sin^ 9 dcf)"^) (7.15) 

while all scalars on become functions of p only. After dropping a total derivative 
term, the three-dimensional sigma-model action reduces to classical mechanics. 



(7.16) 



where the prime denotes a derivative with respect to p. This Lagrangian describes the 
free motion of a fiducial particle on a cone^° C — R"^ x Ml over the three-dimensional 
moduli space The lapse N is an auxiliary field; its equation of motion enforces 
the mass shell condition 

- ga, cf^'^ = (7.17) 
or equivalently, the Wheeler-De Witt (or Hamiltonian) constraint 

i^WDW = {Prf - ^g'^'PaPb '1 = (7.18) 

where Pr,Pa are the canonical momenta conjugate to r, 0". 

Solutions are thus massive geodesies on the cone, with fixed mass equal to 1. 
In particular, the phase space describing the set of stationary, spherically symmetric 
solutions of (7.8) is the cotangent bundle T*C of the cone C. 

As is most easily seen in the gauge N = r'^, the motion separates into geodesic 
motion on the base of the cone M-l, with affine parameter r such that dr — dp/r'^{p), 
and motion along the radial direction r. 



C 



2 



^Prf-^-^ = ^^ 9'''PaPb = C' (7.19) 



similar mechanical arises in mini-superspace cosmology [150, 151]. 
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where Pr = r' = fjr^ and pi = r^0'* = 0*; here the dot denotes a derivative with 
respect to r. It is interesting to note that the radial motion is governed by the same 
Hamiltonian as in [152], and therefore exhibits one-dimensional conformal invariance. 
This is a consequence of the existence of the homothetic KiUing vector rdr on the cone 
C. 

7.2.3 Extremality and light-like geodesies 

The motion along r is easily integrated to 

- c _ c 

^ ~ sinh(Cr) ' ^ ~ tanh Cr 

Assuming that the sphere S'^ reaches a finite area A at the horizon r = oo, so that 
g-2{7j,2 _^ A/ (At:), one may rewrite the metric (7.9) as [27] 

^7r^(-^idt + ^f + T^dA+^d'n (7.21) 

sinh2(CT) V ^ ^ An J An ^ ^ 

The horizon at r = oo is degenerate for = 0, and non-degenerate for > 0, 
corresponding to extremal and non-extremal black holes, respectively. We conclude that 
extremal black holes correspond to light-like geodesies on Ad^ (it is indeed fortunate 
that Ml is a pseudo-Riemannian manifold, so that light-hke geodesies do exist). 



(7.20) 



Exercise 20 Show that the extremality parameter C is related to the Bekenstein-Haw- 
king entropy and Hawking temperature by C = 2SbhTh- 

Setting C = in (7.19), we moreover see that r — p = l/r, and therefore that the 
spatial shces in the ansatz (7.9) are flat. We could therefore have set N — l,r — l/r 
from the start, and obtained the action for geodesic motion on AI3 in affine parame- 
terization, 

S[ = Jdr^ gab r (7.22) 

While one may dispose of the radial variable r altogether, it is however advantageous 
to retain it for the purpose of defining observables such as the horizon area. Ah — 
47re-2^rV-^-oo and the ADM mass M = r{e^^ - l)\u^o- 



dr 

k dr 



tijdc' + eut'"- {da + eLudC'^)] + 2 kCi 



(7.23) 



7.2.4 Conserved charges and black hole potential 

As anticipated by the notation in (7.13a), the isometries of A^s imply conserved Noether 
charges, 

qi dr = -2e-2^ 

-2e-'^t'^ (da + eLMdC"' 
{da + C'dO-C'do) 

(as well as M, whose precise form we will not need) identified as the electric, magnetic 
and NUT charges ,qi,k. Their algebra under Poisson bracket is the same as algebra 
of the Killing vectors under Lie bracket, 

{p\ ?j}pB = -25'jk , {M, p^}pB = p' , {M, g,}pB = qi , {M, A;}pB = 2k (7.24) 

In particular, the electric and magnetic charges satisfy an Heisenberg algebra, the 
center of which is the NUT charge k. The latter is related to the off-diagonal term in 
the metric (7.9) via to = kcosd dcj). When k ^ 0, the metric 



dsl 



-e^^idt + k cose d(l)f + {dp" + r^{p)[de^ + sin^ ^d^^]) (7.25) 



has closed timelike curves along the compact <j) coordinates near 6* = 0, all the way 
from infinity to the horizon. Bona fide 4D black holes have k — which corresponds 
to a "classical" limit of the Heisenberg algebra (7.24). 

Using the conserved charges (7.23), one may express the Hamiltonian for affinely 
parameterized geodesic motion on M.*^ as 



H = p''gabp'^- 



pI + \p^.g'^p^^ - e'^VsH + k'e'^ 



where PuiPz^ the momenta canonically conjugate to C/, 



Vbh{p, q, z) = ~{qi - dijf)t'''{qK - dKLp"-) - \phijp' 



and 



p = p 



2kC' , qi = qi- 2kC' 



(7.26) 



(7.27) 



(7.28) 



For A; = 0, the motion along separates from that along U,z\ effectively pro- 

ducing a potential for these variables. Following [55], we refer to Vbh as the "black 
hole potential", but it should be kept in mind that it contributes negatively to the 
actual potential V — —e^^VBH + k'^e^^ governing the Hamiltonian motion. In Figure 
4, we plot the potential V ior H — 2 supergravity with one minimally coupled vector 
multiplet. 
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1 



Figure 4: Potential governing the radial evolution of the complex scalar in the same model 
as in Figure 2 and same charges, at C/ = 0. The potential has a global maximum at = 
XVX0 = (l-3i)/10. 



7.2.5 The Universal Sector 

As an illustration, and a useful warm-up for the symmetric case discussed in Section 
7.5 below, it is instructive to work out the dynamics in the "universal sector", which 
encodes the scale U, the graviphoton electric and magnetic charges, and the NUT 
charge k. The resulting pseudo-quaternionic-Kahler manifold is the symmetric space 
A^3 = SU{2, 1) / 5/(2) X f/(l), an analytic continuation of the quaternionic-Kahler space 
A^3 = SU{2, 1)/ SU{2) X which describes the tree-level couplings of the universal 

hypermultiplet in 4 dimensions. It is obtained via c-map from a trivial moduli space A^4 
corresponding to the prepotential F = —i{X^Y/2. The Hamiltonian (7.26) becomes 



H = ^{puY - [{Vl - K? + (PC + K?\ + ^e^^fc^ (7.29) 

The motion separates between the (C, Q plane and the U direction, while the NUT 
potential a can be eliminated in favor of its conjugate momentum k = e~^^(cT+CC~CC)- 
The motion in the {(, () plane is that of a charged particle in a constant magnetic field. 
The electric, magnetic charges and the angular momentum J in the plane (not to be 



1 
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confused with that of the black hole, which vanishes by spherical symmetry) 

p = p^ + Ck , q=p^-(k , J = (p^- (p^ (7.30) 

satisfy the usual algebra of the Landau problem, 

{P, ?}pB = 2A; , {[J,p}pB = g , {J, q}pB = -p (7.31) 

where p and q are the "magnetic translations". The motion in the U direction is 
governed effectively by 

H = liPuf + \e'^k' - -Z'' + - 4fcJ] = (7.32) 
o ^ 4 

The potential is depicted on Figure 5 (left). At spatial infinity (r = 0), one may impose 
the initial conditions U = C, = C, ~ a — ^. The momentum pu at infinity is proportional 
to the ADM mass, and J vanishes, so the mass shell condition (7.29) becomes 

+ 2A;2 - (p2 + ^ Qi (7 33) 

Extremal black holes correspond to = 0; in this low dimensional example are auto- 
matically BPS, as we shall see in the next Section. Equation (7.33) is then the BPS 
mass condition, generalized to non-zero NUT charge. Note that for a given value of 
p, g, there is a maximal value of k such that remains positive. 

At the horizon U — >■ — oo, r — >■ oo, the last term in (7.29) is irrelevant, and one 
may integrate the equation of motion of C/, and verify that the metric (7.9) becomes 
AdS2 X with area 

A = 27r(p' + g") = 27rV(p2 + q2)2 (7.34) 

in agreement with the Bekenstein-Hawking entropy of Reissner-Nordstrom black holes 
(2.15). 

Since the universal sector is a symmetric space, there must exist 3 additional con- 
served charges, so that the total set of conserved charges can be arranged in an element 
Q in the Lie algebra Q3 = su{2, 1) (or rather, in its dual 03), 

/M + iJ/3 Ep-iEq, iEk \ 

g = iEp, + iEg, -2i J/3 -{Ep + iEg) (7.35) 
\ -iEk' -{Ep, - iEg,) -M + i J/3 / 
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Figure 5: Left: Potential governing the motion along the U variable in the universal sector. 
The horizon is reached at U ^ — oo. Right: Root diagram of the SU{2, 1) symmetries in the 
universal sector. 



where M, Ep = p", Eg = qo, E^ = k have been given in (7.12a) and J = (d^ — (d(^. The 
remaining Killing vectors can be easily found [12], 



Ep, ^ -Cdu- {a + 2C0d^ + 



9c + 



Eg, = Cdu 
Ek' — —crdu + 



C(e^^ + ^(C^ + C^))+<7C 



— a 



C(e^^ + ^(C^ + C'))-aC 



The physical origin of these extra symmetries are the Ehlers and Harrison transfor- 
mations, well known to general relativists [153]. It is easy to check that these Killing 
vectors satisfy the Lie algebra of SU{2, 1), whose root diagram is depicted on Figure 
5. The Casimir invariants of Q can be easily computed: 



Tr(Q2) = H , det(Q) = 



(7.36) 



The last condition ensures that the conserved quantities do not ovcrdctcrmine the 
motion. The co-adjoint action Q hQh^^ of G3 on relates different trajectories 
with the same value of H. The phase space, at fixed value of H, is therefore a generic 
co-adjoint orbit of G3, of dimension 6 (the symplectic quotient of the full 8-dimensional 
phase space by the Hamiltonian H). By the Kirillov-Kostant construction, it carries a 
canonical symplectic form such that the Noether charges represent the Lie algebra 93. 
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As we have just seen, extremal solutions have H = 0. The standard property of 
3x3 matrices 

- Tr{Q)Q^ + ^[Tr(Q2) _ {TrQfjQ - det{Q) = (7.37) 

then implies that = 0, as a matrix equation in the fundamental representation; 
more intrinsically, in terms of the adjoint representation, this is equivalent to 

[Ad{Q)f = (7.38) 

Thus, Q is a nilpotent element of order 5 in q^. This condition is invariant under 
the co-adjoint action of G3. We conclude that the classical phase space of extremal 
configurations is a nilpotent coadjoint orbit^^ of G3. By the general "orbit philosophy" 
[154], the quantum Hilbert space then furnishes a "unipotent" representation of G3, 
obtained by quantizing this nilpotent co-adjoint orbit. As we shall see in Section 7.5, 
this fact extends to the BPS Hilbert space in very special supergravities, where M.^ is 
a symmetric space. 

7.3 BPS black holes and BPS geodesies 

Up till now, our discussion did not assume any supersymmetry. In general however, the 
KK* reduction of the fermions gives extra fermionic contributions in (7.10), such that 
the resulting non-linear sigma model has the same amount of supersymmetry as its 
four-dimensional parent. Moreover, the spherical reduction of the fermions preserves 
half of the supersymmetries. This leads to the action for a supersymmetric spinning 
particle moving on C, schematically 

S,^ Jdr [gab<i>y' + gab rDr^' + Rabcdr^'r^l^''] (7.39) 

This Lagrangian is supersymmetric for any target space, but has A^-fold extended 
supersymmetry when C admits — 1 complex structures J*-*-* (i = 1, . . . , N — 1). The 
supersymmetry variations of the fermions are then of the form 

N-l 

S,i;^ = J2 e^'^4'^"0' + 0(^2) (7.40) 

1=0 

with J^^^"*" = 6^ the identity operator. Moreover, the existence of a homothetic Killing 
vector rdr implies that the action 5*1 should be superconformally invariant. 



^"'^It is a peculiarity of this model that the dimension of this nilpotent orbit is the same - 6 - as that 
of the generic semi-simple orbits. In general, nilpotent orbits can be much smaller than the generic 
ones. 
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BPS solutions in four dimensions correspond to special trajectories on Ai^, for 
which there exist a non-zero e^'^ such that the right-hand side of (7.40) vanishes. This 
puts a strong constraint on the momentum Pa — Qab'F of the fiducial particle, which 
defines a "BPS" subspace of the phase space T*{C). The symplectic structure on this 
BPS phase space can then be obtained using Dirac's theory of Hamiltonian constraints. 
Due to the existential quantifier 3e*^*-* ^ 0, it is sometimes convenient to extend the phase 
space by including the Killing spinor e^^\ we shall see an example of this in Section 
7.3.2. In theories with N > 2 supersymmetry in 4 dimensions, black holes may preserve 
different fractions of supersymmetry, associated to different orbits of the momentum 
p under the holonomy group of C. Correspondingly there will be different BPS phase 
spaces, nested into each other. 

7.3.1 Attractor Flow and BPS Geodesic Flow in jV = 2 SUGRA 

After this deliberately schematic discussion, we now specialize io H — 2 supergravity, 
and show that the attractor flow (3. 27), (3. 28) is indeed equivalent to BPS geodesic flow 
on the three-dimensional moduli space Ai%. 

As explained in Section 3, A/" = 2 supersymmetry determines the metric on M./^ 
(now denoted (yfjj, to take into account the complex nature of the vector multiplet 
moduli) and gauge couplings du — itjj = Mij in terms of a prepotential F{X) via 
(3. 3), (3. 11). The scalar manifold M.^ obtained by Kaluza-Klein reduction to three 
dimensions is now a quaternionic-Kahler space, usually referred to as the "c-map" of 
the special Kahler manifold AI4 [149,155]. The analytically continued AI3, with metric 
(7.11) is a pseudo-quaternionic-Kahler space, which we shall refer to as the "c*-map" 
of AI4. While has a Riemannian metric with special holonomy U Sp{2) x USp(2nv+ 
2), AI3 has a split signature metric with special holonomy 5*^(2) x Sp{2nv + 2). For 
convenience, we will work with the Riemannian space AI3 and perform the analytic 
continuation at the end. 

In order to determine the couplings of the corresponding fermions, one should in 
principle reduce the four-dimensional fermions along the time direction, then further 
on the spherically symmetric ansatz (7.15). For our present purposes however, it is 
sufficient to recall that the quaternionic-Kahler space AI3 equivalently arises as the 
target space of a A = 2 supersymmetric sigma model in 3-1-1 dimensions, coupled to 
gravity [156]. Upon reducing the action and supersymmetry transformations of [156] 
along three fiat spatial directions, one obtains a A = 4 supersymmetric sigma model in 
0+1 dimensions, which must be identical to the result of the spherical reduction. The 
supersymmetry variations are then simply 

5,r = O(V') , 5,r^' = V^^^'re^, + 0(^') (7.41) 
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Here, V^^' {A = 1, ..,2nv + 2 and A' = 1,2) is the "quaternionic viel-bein" afforded 
by the decomposition 

TcMs = E®H (7.42) 

of the complexified tangent bundle of 7^3, where E and H are complex vector bun- 
dles of respective dimensions 2nv + 2 and 2. Similarly, the Levi-Civita connection 
decomposes into its USp{2) and USp(2nv + 2) parts p and q, 

^TA'-P%eU<lie% (7.43) 

where eA'B' and e^^ are the antisymmetric tensors invariant under USp{2) and USp{2n). 
The viel-bein V controls both the metric and the three almost complex structures on 
the quaternionic-Kahler space, 

ds" = eA>B' eAB T^^^' ® V^""' , = ca'b' {<J% cab V^^' A V^^' (7.44) 

(where a\ i = 1,2,3 are the Pauli matrices) and is covariantly constant with respect 
to the connection (7.43). 

Prom (7.41), it is apparent that supersymmetric solutions are obtained when V^"^' 
has a zero right-eigenvector, 

SUSY ^ 3€A' ^0 / V^^'eA' = (7.45a) 
^ yA,B , sa'b'V^^'V^^'^O (7.45b) 

Por fixed e^' , these are 2nv + 2 conditions on the velocity vector 0" at any point along 
the geodesic, removing half of the degrees of freedom from the generic trajectories. In 
particular, the conditions (7.45b) imply that 

eABeA'B'V^'^'V''^' ^O^H , (7.46) 

and therefore that a BPS solution is automatically extremal. Por the universal sector 
discussed in Section 7.2.5, where ny — 0, this is actually a necessary and sufficient 
condition for supersymmetry. 

Por the case of the c-map Ai-s, the quaternionic viel-bein was computed explicitly 
in [149]. After analytic continuation, one obtains 
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(7.47) 
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where = e"^^;* is a viel-bein of the special Kahler manifold, e^Caj^as = Qij, and 

u = e'^/^-^'x' (dCi + UijdC') (7.48) 
V = -dU + (^c^a + C^dCi - C^dC/) (7.49) 

= e-^e«^^3// (^^^^ + A/>jdC^) (7-50) 

Expressing d(^ ,d(i,da in terms of the conserved charges (7.23), the entries in the 
quaternionic viel-bein may be rewritten as 



t .r,^n... q^_2kCi-Mij{p' + 2kC') dr, (7.51) 



2 



V = -dU + -e'^ k dr (7.52) 
e" = , (7.53) 

E- = -le^e^^^^V/ [?/ - 2A;G - A/>j(p-' + 2A;C'')] dr (7.54) 

Now, return to the supersymmetry variation of the fermions (7.41): the existence of e^,' 
such that Si/j"^"^' vanishes implies that the first column of V has to be proportional to 
the second, hence 

+ le'^'k ^-'-e^' e^/'^^ (qr - - Nu{p' + K')) (7.55) 

^ = e^' g^f^ (qj - kQ - Afuip' + K')) (7-56) 

where the phase 9 is determined by requiring that U stays real. These equations may 
be rewritten as 

where Z is the "generalized central charge" 

Z{p, q, k) = e^/^ [qiX' - Fi] (7.58) 

and p^ ^qi have been defined in (7.28). For vanishing NUT charge, we recognize the 
attractor flow equations (3.27), (3.28). The equivalence between the attractor flow equa- 
tions on and supersymmetric geodesic motion on M.-^ was in fact observed long ago 
in [157], and is a consequence of T-duality between black holes and instantons, after 
compactifying to three dimensions [158,159]. 

This concludes our proof that BPS geodesies, characterized by the BPS constraints 
(7.45), indeed describe stationary, spherically symmetric BPS black holes. 
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7.3.2 Swann space and twistor space 

While the analysis in the previous section identified the BPS subspace of the phase space 
T*A4^ (namely, the solution to the quadratic constraints (7.45b)), the non-linearity of 
the BPS constraints makes it difficult to obtain its precise symplectic structure. We 
now show that, by lifting the geodesic motion on the quaternionic-Kahler AI3 to a 
higher-dimensional space, namely the Swann space S, it is possible to linearize these 
constraints. 

The Swann space is a standard construction, which relates quaternionic-Kahler 
geometry in dimension Any + 4 to hyperkahler geometry in Any + 8 dimensions [160]. 
Namely, let n^' {A' = 1,2) be complex coordinates in the vector bundle H over A4s, 
and S be the total space of this bundle. S admits a hyperkahler metric 

dsl ^ \Dn\'^ + R'^ ds%i^ . (7.59) 

where 

n^A' lA' I ^A'B' 732 _ I |2 I 1|2 I |^2|2 /"7 ^3n^ 

Vn = an +Pb'^ ■> -fx = |vr| = |7r | -|- |7r | (7.6Uj 

In fact, is the hyperkahler potential of (7.59), i.e. a Kahler potential for all complex 
structures. Being hyperkahler, S has holonomy USp{2nv + 4); the corresponding 
covariantly constant vielbein V*^ (where e {^4, ^4'} runs over two more indices than 
A) can be simply obtained from the quaternionic vielbein T/^^' on the base A^a via 

^ v^'^'tva' , V^' = Dtt^' (7.61) 

The viel-bein V*^ gives a set of (1, 0)-forms on S (for a particular complex structure), 
which together with V, span the cotangent space of S. The fermionic variations in the 
corresponding sigma model split into 

= V^e + . . . , 5,-^^ = V^e + . . . (7.62) 

Moreover, the metric (7.59) has a manifest SU{2) isometry, and homothetic Killing 
vector Rdji = n^'d^A' + Ti^'d-A'- Geodesic motion on S is therefore equivalent to 
geodesic motion on the base Ai^, provided one restricts to trajectories with zero angular 
momentum under the SU (2) action (and disregard the motion along the radial direction 
R^ — Ivrp). By suitable SU{2) rotation, BPS geodesies on S can be chosen to be 
annihilated by S^, and so correspond to 

, V^ = (7.63) 

Using (7.61), this entails 

V^^'tta' = , Dn^' = (7.64) 
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The first condition reproduces the BPS condition (7.45a) on Ad^ upon identifying^^ 
n"^' with the Killing spinor eA', while the second can be shown to follow from the 
Killing spinor conditions in four dimensions, consistently with this identification. The 
condition (7.63) shows that BPS trajectories are such that the momentum vector is 
anti-holomorphic at every point. These BPS constraints are clearly first class, and 
therefore the extended BPS phase space is the Swann space S itself, equipped with its 
Kahler form. 

While the Swann space has a clear physical motivation, the fiber being identified 
with the Killing spinor, the fact that one must restrict to x SU{2) invariant tra- 
jectories means that it is somewhat too large. In fact, one may perform a symplectic 
reduction - more precisely, a Kahler quotient - with respect to U{1) C SU{2) while 
keeping most of the pleasant properties of the Swann space. The result, known as the 
twistor space retains one of the three complex structures of 5, which is sufficient 
for exposing half of the A/" = 4 supersymmetries of (7.39). To exhibit the structure of 
it is useful to choose the following coordinates on the unit sphere in 



1)4 



e 



lip 



^fi^^ , z = ttVtt' . (7.65) 



where (/? is the angular coordinate for the Hopf fibration U{1) S'^ S'^ and 2; is a 
stereographic coordinate on S"^ = CP^. In these coordinates, the metric (7.59) rewrites 
as 

_ r _ n- „ 1 

(7.66) 



(1 + zzy ^ 



where 



Dz = dz- ^(pi + ip2) - 2p3Z - ^(pi - ip2)z'^ , (7.67) 

D(f) = d(f)+ —— — — {z[dz - (pi + ip2)] - z[dz - {pi - ip2)] - 2ip3(l - zz)) 
Z[i + zz) 

and Pi = (T^j^'p(A'B'). The connection term in Dz is sometimes known as the projec- 
tivized USp{2) connection. The twistor space Z is the Kahler quotient of S by U{1) 
rotations along [161]; its metric is therefore given by the last two terms in (7.66) 



\Dz 



2 



= ^ -^y + dsl^s ■ (7-68) 

The space Z is itself an S"^ bundle over AI3 and carries a canonical complex structure, 
which is an integrable linear combination of the triplet of almost complex structures 



^^In particular, the radius R of the Swann space S is equal to the norm of the Killing spinor, and 
must be carefully distinguished from the radius r of the cone <S. 
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on It will also be important that Z carries a holomorphic contact structure X 

(proportional to the one-form Dz), inherited from the holomorphic symplectic structure 
on the hyperkahler cone S. 

For later purposes, it will be useful to have an explicit set of 2nv + 3 complex 
coordinates on the twistor space Z, adapted to the Heisenberg symmetries, 

i.e. such that the Killing vectors p^, qj, k in (7.12a) take the standard form 

= d^^ - i^da + c.c. , qi = -% - lida + c.c. , k = da + c.c. (7.69) 

while the holomorphic contact structure takes the canonical, Darboux form, 

X = da + iidi^ - iidl^ (7.70) 

Such a coordinate system has been constructed recently in [11], from which we collect 
the relevant formulae. The complex coordinates {$,^ , a) are related to the coordinates 
[/, z^, (^^, Ci, a on the quaternionic-Kahler base, as well as the fiber coordinate z e 
CPi, via the "twistor map" 

= C' + 2i e^+'^(^'^)/2 {zX' + z-^X') (7.71a) 
li = 6 + 2i e^+'^(^'^)/^ {z Fj + z-^ Fi) (7.71b) 
a = <T + C'h-Cii' (7.71c) 

These formulae were derived in [11] by using the projective superspacc description of 
the c-map found in [162]. A key feature of these formulae is that, for a fixed point on 
the base, the complex coordinates ^i, a depend rationally on the fiber coordinate Z; 
said differently, the fiber over any point on the base is rationally in Z. This is a general 
property of twistor spaces, which allows for the existence of the Penrose transform 
relating holomorphic functions on Z to harmonic-type functions on a topic which 
we shall return to in Section 7.4.3. 

The Kahler potential on Z in these coordinates was also computed in [11], and 
reads 

i^^ = ilog|s2 1(^^_^-/),1(|,_|,) +l_]^a-a + e!i-i'iif^+log2. 

(7.72) 

where T,bh{(P^ , Xi) is the Hesse potential defined in Exercise 8 on page (8). In particular, 
Kz is a symplectic invariant, but, as we shall see in Section 7.5, it can be invariant 
under an larger group which mixes , ^/ with a. 

The Swann space can be recovered from the twistor space Z by supplementing the 
coordinates ^7, a with one complex coordinate A (a coordinate in the 0{—l) bundle 
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over Z,). The hyperkahler potential on S and the coordinates tx^ in the fiber are 
then obtained by 

R^=\Xfe'-', P) = 2 Ae" (7.73) 

Using the twistor map (and its converse, which can be found in [11]), it was shown 
that the holomorphy condition (7.63) for supersymmetric geodesies on S allows to fully 
integrate the motion, reproducing known spherically symmetric black hole solutions. 

7.4 Quantum Attractors 

We now discuss the radial quantization of stationary, spherically symmetric geometries 
in four dimensions, using the equivalence between the radial evolution equations and 
geodesic motion of a fiducial particle on the cone C — R"*" x A^g. For brevity, we drop the 
cone direction and restrict to motion along J\A%. We start with some generalities in the 
non-supersymmetric set-up, and then restrict to the BPS sector oiH — 2 supergravity. 

7.4.1 Radial Quantization of Spherically Symmetric Black Holes 

Based on the aforc-mentionned equivalence, a natural path towards quantization is to 
replace functions on the classical phase space T*{M.'^ by square integrable functions 
$ on and impose the quantum version of the mass-shell condition (7.19), 

[A3 + C^] ^c{U, z\ C\ Ci, a) = (7.74) 

Here A3 is the Laplace-Beltrami operator on the quantum analogue of the Hamil- 
tonian —H. In writing this, we have ignored the fermionic degrees of freedom, which 
we shall discuss in the next Section 7.4.2, and possible quantum corrections to the en- 
ergy C^. In practice, we are interested in wave functions which are eigenmodes of the 
electric and magnetic charge operators, given by the differential operators in (7.12a), 

<^c{U, z\ C\ Ci, ^) = z') e'^'^'-^'^'^ (7.75) 

which is then automatically a zero eigenmode of the NUT charge k. Note however that, 
due to the Heisenberg algebra (7.13a), it is impossible to simultaneously diagonalize 
the ADM mass operator M, unless either or g/ vanish. Equation (7.74) then implies 
that the wave function ^c\p,q{U, z"^) should satisfy a quantum version of (7.26), 

[-a^ - A4 - e'^'VBHiP: g, z) - C^] ^cpAU: A = (7.76) 

where A4 is now the Laplace-Beltrami on the four-dimensional moduli space AI4. The 
wave function ^c,p,qiU, z^) describes the quantum fiuctuations of the scalars z^ as a 
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function of the size of the thermal circle ( i.e. effectively as a function of the 
distance to the horizon). Importantly, the wave function is not uniquely specified 
by the charges and extremality parameter, as the condition (7.76) leaves an infinite 
dimensional Hilbert space; this ambiguity reflects the classical freedom in choosing the 
values of the 4D moduli at spatial infinity. 

An important aspect of any quantization scheme is the definition of the inner prod- 
uct: as in similar instances of mini-superspace quantization, the L2 norm on the space 
of functions on C is inadequate for defining expectation values, since it involves an 
integration along the "time" direction U at which one is supposed to perform measure- 
ments. The customary approach around this problem is to recall the analogy of (7.76) 
with the usual Klein-Gordon equation, and to replace the L2 norm on Ai% by the 
Klein-Gordon norm (or Wronskian) at a fixed time U : 



By construction, this is independent of the value of U chosen to evaluate it. A severe 
drawback of this inner product is that it is not positive definite. This also has a stan- 
dard remedy in the case of the Klein-Gordon equation, which is to perform a "second 
quantization" and replace the wave function $ by an operator; a similar procedure can 
be followed here, in analogy with "third quantization" in quantum cosmology [163]. 
This procedure should presumably be relevant for describing multi-centered solutions. 
Fortunately, for BPS states this problem is void, since, as we shall see in Section 7.4.3, 
the Klein-Gordon product (7.77) is positive definite when restricted to this sector. 

7.4.2 Supersymmetric quantum mechanics and BPS Hilbert space 

In the presence of fermionic degrees of freedom, the general discussion in the previous 
subsection must be slightly amended. Upon quantization, the fermions ip"' in (7.39) 
become Dirac matrices on the target space and the wave function is now valued in 
//^(Alg) ® CI, where CI is the Chfford algebra of M.%. Equivalently, one may represent 
the fermion ■^'^ as a differential in the exterior differential algebra on M.%, and 
view the wave function as an element of the de Rham complex of i.e. as a set of 
differential forms of arbitrary degree [164]. The Wheeler-De Witt equation (7.74) now 
selects eigenmodes of the de Rham Laplacian d-kd with eigenvalue — C^; in particular, for 
extremal black holes, the wave function becomes an element of the de Rham cohomology 
of 7W3. These subtleties does not affect the functional dimension of the Hilbert space, 
and there still exist a continuum of states with given electric and magnetic charges. 

In the presence of extended supersymmetry, however, it becomes possible to look 
for quantum states which preserve part of the supersymmetries. The simplest example 
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is supersymmetric quantum mechanics on a Kahler manifold [165-167]: the de Rham 
complex is refined into the Dolbeault complex, and states annihilated by one-half of the 
supersymmetries are elements of the Dolbeaut cohomology isomorphic to the 

sheaf cohomology group H^{X, QP). In more mundane terms, this means that the BPS 
wave functions are holomorphic differential forms of arbitrary degree, in particular, the 
functional dimension of the BPS Hilbcrt space is now dim(X)/2, half the dimension of 
the Hilbcrt space for generic ground states. 

We now turn to the case of main interest for us, supersymmetric quantum me- 
chanics on a quatcrnionic-Kahlcr manifold^^. Classically, we have seen in (7.45a) that 
supersymmetric solutions arc those for which the quaternionic viel-bein V"^^' has a zero 
eigenvector e^/. If we disregard the Killing spinor, the BPS condition is summarized 
by the quadratic equations in (7.45b). Since V-^^' /dr is equal to the momentum of the 
fiducial particle, this is naturally quantized into 

V^, S , [e^'^^'VAA' Vbb' + K sab] * = (7.78) 

where we allowed for a possible quantum ordering ambiguity k. Here, Vaa' = ^AA'^a 
is the covariant derivative on AI3, rotated by the inverse quaternionic viel-bein. 

On the other hand, we have seen that it was possible to work in an extended phase 
space which includes the Killing spinor ca', and describes geodesic motion on the Swann 
space S. The supersymmctry condition (7.63) is now linear in the momentum V^, and 
is naturally quantized into 

VK, dn^' = (7.79) 

where are partial derivatives with respect to a set of antiholomorphic coordinates z'^ 
on S. Thus, wave functions on the extended phase space are just holomorphic functions 
on S (or more accurately, elements of the sheaf cohomology of S). 

Since the classical geodesic motions on Ai^ and S arc equivalent only for trajec- 
tories with vanishing SU{2) momentum, it should be possible to generate a solution 
of the second order differential equation (7.78) from a holomorphic function on S, by 
projecting on x SU (2) invariant states. Part of this projection can already be taken 
care of by restricting to homogeneous functions of fixed degree —k on S , or equivalently 
to sections of 0{—k) on Z. 

7.4.3 Quaternionic Penrose transform and exact BPS wave function 

Remarkably, there is exist a mathematical construction valid for any quaternionic- 
K abler manifold, sometimes known as the quaternionic Penrose transform [11, 169, 



^^This system first appeared in the context of monopole dynamics in J\f = 2 gauge theories [168] 
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170], which performs exactly this task, namely takes an element of H^{Z, 0{—2)) to a 
solution of (7.78). This is an analogue of the more famihar Penrose transform which 
maps sections of if^(CP^, 0{—2) to massless spin fields on [171] . Using the complex 
coordinate system introduced in Section 7.3.2, it is easy to provide an explicit integral 
representation of this transform, where the element of H^{Z, 0(— 2)) is represented by 
a holomorphic function g'(^^, a) in the trivialization A = 1 [11]: 

$(t/, z\ -z\ C/, o) = e^^ ^ ^ g{i\ ii, a) , (7.80) 

In this formula, a are to be expressed as functions of the coordinates on M.3 and 

z via the twistor map (7.71). The integral runs over a closed contour which separates 
z — from z — 00. In [11], it was shown that the left-hand side of (7.80) is indeed a 
solution of the system of second order differential equations (7.78) with with a fixed 
value for k = —1. Moreover, the Klein-Gordon inner product on AI3 (7.77) may be 
rewritten in terms of the holomorphic function g as 

($!$') = J di'diidadi'diida e-"^^y+'^''^g{e,ii,a)g'{e,ii,a) (7.81) 

where the integral runs over values of a, d such that the bracket in (7.72) 

is strictly positive. In particular, the inner product (7.81) is positive definite, as an- 
nounced at the end of Section 7.4.1. 

There also exist versions of (7.80), (7. 81) appropriate to sections of H^{Z,0{—k)) 
for any A; > 0, which are mapped to sections of A'^~^(i7) satisfying first order differential 
equations [11]. 

Thus the problem of determining the radial wave function of BPS black holes is 
reduced to that of finding the appropriate section of H^{Z,0{—2)). For a black hole 
with fixed electric and magnetic charges qiiPi and zero NUT charge, the only eigenmode 
of the generators (7.69) is, up to normalization, the "coherent state" 

QvAi'M-e^'^"^'-"^'^- (7-82) 

These states are delta-normahzable under inner product (7.81) (possibly regulated by 
analytic continuation in k), and become normalizable after modding out by the discrete 
Heisenberg group 

Applying the Penrose transform (7.80) to the state (7.82), we find 

%,,{U, z\ z\ Ci, a) = e'p'('-^^'i' e^^ ^ ^ exp [e^'izZ + z-'Z)] , (7.83) 

^^Scaling arguments show that the norm grows as a power of p, q, rather than exponentially. 
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where Z is the central charge (3.15) of the black hole. After analytic continuation 
(C^) C/) to ^(C^) C/) and (p^, qi) to —i{p^, Qi), the integral may be evaluated in terms of 
a Bessel function, 

$([/, z", z% C', Ci, a) = 27r(^P'^'-'''''^' e'^ Jo(2e^|Z|) (7.84) 

This is the exact radial wave function for a black hole with fixed charges {p^,qi), at 
least in the supergravity approximation^^. 

Since the Bessel function Jq decays hke cos(u') / ^/w at large values of |w| , we see that 
the phase of the BPS black hole wave function is stationary at the classical attractor 
point Zp^g, and becomes flatter and flatter in the near-horizon limit U — > — oo, while 
the modulus decays away from these points as a power law. The occurrence of large 
quantum fluctuations in the near horizon limit may seem at odds with the attractor 
behavior for BPS black holes, but is in fact perfectly consistent with the picture of a 
particle moving in an inverted potential V = —c'^^Vbh, as discussed in Section 7.2.4. It 
is a reflection of the inflnite flne-tuning of the asymptotic conditions which is necessary 
for obtaining an extremal black hole. 

Returning to the original motivation explained in Section 7.1, we observe that the 
wave function (7.84) bears no obvious relation to the topological string amplitTidc. One 
may however try to rescue the suggestion in [7] by noting that there is in principle an 
even smaller subspace of the Hilbert space L'^{S), corresponding to "tri-holomorphic" 
on S; we shall remain deliberately vague about the concept of "tri-holomorphy" here, 
referring the reader to [172] for some background on this subject, but merely assume 
that it divides the functional dimension by a factor of four. If so, this "super-BPS" 
Hilbert space of triholomorphic functions on S would have functional dimension nv + 2, 
and be the natural habitat of a one-parameter generalization of the topological wave 
function [9]. One would also expect some quaternionic analogue of the Cauchy integral 
in (7.80), which would map the space of tri-holomorphic functions on <S to functions 
on annihilated by certain differential operators. In the symmetric cases studied in 
the next Section, we shall indeed be able to construct a "super-BPS" Hilbert space, of 
functional dimension ny -|- 2, which carries the smallest possible unitary representation 
of the duality group. 

7.5 Very Special Quantum Attractors 

We now speciahze the construction of Section 7.4.2 to the case of very special M — 2 
supergravities which we introduced in Section 3.5. Our goal is to produce a framework 

^^In the presence of i?^-type corrections, the geodesic motion receives higher-derivative corrections, 
and it is no longer clear how to quantize it. 



-80- 



for constructing duality-invariant black hole partition functions, applicable both for 
these M — 1 theories and their jV = 4, 8 variants. 



7.5.1 Quasiconformal Action and Twistors 

Recall that the vector-multiplet moduli space of very special supergravities are her- 
mitean symmetric tube domains (3.60), built out of the invariance groups of Jordan 
algebras J with a cubic norm N . The result of the c-map [173] and c* map [147] 
constructions are still symmetric spaces, of the form 

_ QConf(J) _ QCo.if(J) 

" S5(J) X sua) ' ' ' C°nf(7) X Si(2) P'**''' 

Here, QConf( J) is the "quasi-conformal group" associated to the Jordan algebra J (in 
its quaternionic, rank 4 real form), and Conf(J) is the compact real form of Conf(J); 
these spaces can read off from Table 2 on page 27. 

The terminology of "quasi-conformal group" refers to the realization found in [174] 
of G = QConf( J) as the invariance group of the zero locus A/4(S, S) = of a homo- 
geneous, degree 4 polynomial A4 in the variables S = (of respective degree 
1,1,2) andS=(e^|,,a): 

A4(S; S) = I/4 (e' - f , 1/ - h) + la-a + f |, - (7.86) 

More precisely, there exists an holomorphic action of G on S such that A/4(S,S) gets 
multiplied by a product /(S)/(S). In (7.86), I4 is the quartic invariant (3.70) of the 
group Conf(J) C QConf(J) associated to the Jordan algebra J, acting linearly on the 
symplectic vectors {^^,^1) and (^^,0). By analogy with the "conformal realization" 
of Conf(J), leaving the cubic light-cone N{z^ — z^) invariant, this is called the quasi- 
conformal realization of G. 

Group theoretically, the origin of this action is clear: the group G admits a 5-graded 
decomposition, corresponding to the horizontal axis in the two-dimensional projection 
of the root diagram of G shown in Figure 6) , 

G = G_2 © G_i © Go © G+i © G+2 , . 

^ {k'} © {p'j,q''} © {Ta,S^,D^} © © {k} ^'-^'^ 

In particular, the top space G+2 is one-dimensional, therefore G+i © G-|.2 form an 
Heiscnberg algebra with center G_|_25 which we identify with the Heisenberg algebra 
\p^,qj] = 2k6j of electric, magnetic and NUT isometries (7.24). The grade space is 
Go = Conf( J) X U{1) = {Ta, S^, D^}. Symmetrically, G_i © G_2 form an Heisenberg 
algebra [pj, q'"^] — 2k' 6 j with one-dimensional center G_2- Together with G_2 = {k'} 
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Figure 6: Two-dimensional projection of the root diagram of the quasi-conformal group 
associated to a cubic Jordan algebra J (when J = M, this is the root diagram of G2). The 
five-grading corresponds to the horizontal axis. The long roots are singlets, generating a 
SU{2, 1) universal subgroup, while the short roots are valued in the Jordan algebra J. 

and G+2 = {k}, the center H = D"^ = [k, k'] of Go generates an SU (2) subgroup which 
commutes with Conf(J), and yields the above 5- grading above. Finally, Conf(J) acts 
linearly on G^i ~ {p^ , qi} in the usual way, leaving ~ {k} invariant. Since the 
H charge is additive, the sum P — G_2 ® G-i ® Gq closes under commutation, and is 

known as the Heisenberg parabolic subgroup P of G. The quasi-conformal realization 
of G is then just the action on P\G by right multiplication; it may be twisted by a 
unitary character x of -P) i-S- by considering functions on P\G which transform by x 
under the right action of G (mathematically, this is the induced representation from the 
parabolic P to G with character see e.g. [175] for an introduction to this concept). 
To be completely explicit, the generators in G+i © G+2 act on functions of H as 

Epi = d^^-^'da, = -%-e>a, Ek = da, (7.88) 
while the generator k' in G_2 acts as 

Ek' = (-^^ - % + - «6) % + lih- 2a')d^ - ka (7.89) 

where I4 — /4(^^,^/) and A; is a complex number parametrizing the character x- The 
rest of the generators can be obtained by commutation and Conf( J) rotations. 

Comparing (7.86) and (7.72), and recalling that the Hesse potential E for symmetric 
spaces is the square root of the quartic invariant I4, it is manifest that the log of the 
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"quartic light-cone" (7.86) is just the Kahler potential (7.72) of the twistor space Z ~ 
Gc\Pc of the quaternionic-Kahler space Ad^; therefore, the quasi-conformal realization 
is nothing but the holomorphic action of QConf( J) on the twistor space Z. For integer 
values of the parameter k, this representation belongs to the "quaternionic discrete 
series" representation of G [176], a quaternionic analogue of the usual discrete series 
for Sl{2). 

Wc conclude that for very special supergravities, the BPS Hilbcrt space carries a 
unitary representation of the three-dimensional U-duality group G = QConf(J), given 
by the "quaternionic discrete series" or "quasi-conformal realization" of G. 

7.5.2 Penrose transform and spherical vector 

In Section 7.4.3, we have seen that there is a Penrose transform which takes holomor- 
phic functions on 2^ to a function on A^3 annihilated by some second order differential 
operator. In the present symmetric context, there is an a priori different way of pro- 
ducing a function $ on G/K from a vector / e 7i in a unitary representation of G: for 
any e e G, take 

m = {f\p{e)\fK) (7.90) 

where fx is a fixed i^-invariant vector in Ti. Since fx is invariant under K, $ descends 
to the quotient G/K. This construction is standard in representation theory, where fx 
is referred to spherical vector (see again [175]). 

Not surprisingly, the geometric and algebraic constructions are in fact equivalent, 
as we illustrate in the simplest case of the universal sector G = SU (2, 1)/SU (2) xU{l). 
The quartic invariant in this case is the square of a quadric, I4 = |(C^ + C^)^. Using 
(7.89) one may check that 



1 



-k/2 



M^, a)^\^l + e + e + o^' + ^hj (7.91) 

is the unique vector invariant under SU{2) x U{1). Acting with p(e) where e e G is 
parameterized by U, C, C, a, one obtains 

[p{e)fK] (^, e, «) = [e^^ + (e -cr + {^-cr + e-'^M(e, I, «; c, c, ^)J (r.92) 

Thus, we conclude that BPS wave functions, in the unconstrained Hilbert space H, are 
given by 

mu^)=f- — = m^^^^d^d^d- (7.93) 

J e2U + (I _ + _ + e-^m,iC, C, I, «; ) 
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By evaluating the contour integral by residues, one may easily show that, for k = 2, 
the function $ in (7.90) agrees with the Penrose transform (7.80) of the function 



This operator which intertwines between the space of functions g{^, C,, «) and f{C,, ^, a) is 
an example of the "twistor transform" (not to be confused with the Penrose transform), 
which maps sections of H^{Z, 0{—k)) to sections of H^{Z, 0(— 4 — k) [177]. 

7.5.3 The Minimal Representation vs. the Topological Amplitude 

At the end of section 7.4.3, we pointed out that the functional dimension of the BPS 
Hilbert space ifi(Z, 0(— 2)), 2nv + 3, was too large to accommodate the topological 
string amplitude, which depends on ny+l variables. In the symmetric case, it is natural 
to ask whether there are smaller representations than the quasi-conformal realization, 
which could provide the natural habitat for the topological string amplitude. 

In fact, it is known in the mathematics literature that the quasiconformal represen- 
tation, for low values of the parameter k, is no longer irreducible [176]. In particular, 
the symplectic space V = admits a sequence of subspaces V D X D Y D Z, 

defined by homogeneous polynomial equations of degree 4,3 and 2, respectively such 
that each of them is preserved by the quasi-conformal action of G. Here, X is the locus 
where the quartic invariant /4(^, |) vanishes, Y C X is the locus where the differential 
(i/4 vanishes; finally, Z (ZY is the locus where the irreducible component of the Hessian 
of I4 (viewed as an element of the symmetric tensor product V ®s V) transforming in 
the adjoint representation of Conf( J) vanishes, a condition which we'll denote = 0. 
As shown in [176], each of the subspaces X, Y, Z, supplemented with the variable a and 
for the appropriate choice of k, furnishes an irreducible unitary representation of G, of 
functional dimension 2nv + 3, 2nv + 2, (5n„ + l)/3 and ny + 2 variables, respectively. 
By the "orbit philosophy", these are associated by to nilpotent co-adjoint orbits of 
nilpotency order 5,4,3,2, respectively. 

The smallest of those, known as the minimal representation of G, is of particular 
importance to us, as its dimension ny + 2 is just one more than the number of variables 
appearing in the topological amplitude. This representation plays a distinguished role 
in mathematics, being the smallest unitary representation of G and an analogue of 
the metaplectic representation of the symplectic group. In physics, the minimal rep- 
resentation of Sl{3) was used in the early days for strong interactions [178], and more 
recently in an attempt at quantizing BPS membranes [179,180]. Its relevance to black 
hole physics was suggested in [181] and expounded in [8, 10]. 




(7.94) 



84 



As first observed in tlie case of £'8(8) in [181]) the minimal representation can be 
obtained by quantizing tlie symplectic space^^ V of the quasi-conformal realization was 
acting, namely replace ^7 — > id^i and fixing the ordering ambiguities so that the algebra 
of QConf( J) is preserved. An independent construction, valid for all simply-laced cases, 
was given in [182, 183]; a recent unified approach using the language of Jordan algebra 
and Preudenthal triple systems can be found in [184,185]. 

In order to extract physical information from wave functions in the minimal rep- 
resentation, just as in the quasiconformal case it is necessary to embed them in the 
non-BPS Hilbert space, i.e. map them into functions on Ai^ by some analogue of the 
Penrose transform. As explained in the previous subsection, this may be done once 
a spherical vector fx is found. A slight complication is that the minimal represen- 
tation for non-compact groups in the quaternionic real form (as opposed to the split 
real form) do not admit a spherical vector; rather, the decomposition of the minimal 
representation under the maximal compact group K = Conf(J) x SU{2) has a "lad- 
der" structure, whose lowest component (or "lowest X-typc") transforms in a spin^''' 
(ny — 3)/6 representation of SU{2). Replacing fx in (7.90) by this lowest i^T-type, one 
obtains a section of a symmetric power of H on M.^. The wave function of the lowest 
i^T-type can be computed explicitely in a mixed real-holomorphic polarization [13]; in 
the semi-classical approximations, all components of the K-type behave as 



where fx{ci"^,b'^,x) is related to fK{^^,(,^,ct) by a certain Bogolioubov operator [13]. 
We take the fact that Jk reduces to the classical topological amplitude exp(/3(a^)/6''^) 
in the limit x — > as a strong indication that the minimal representation is the habitat 
of a one-parameter generalization of the standard topological amplitude. 

Further evidence for this claim comes from the fact the holomorphic anomaly equa- 
tions (4.46) obeyed by the usual topological amphtude follow from the quadratic iden- 
tities in the universal enveloping algebra of the minimal representation of G, upon 
restriction to the "Fourier- Jacobi group" P/U{1), where U{1) is the subgroup gener- 
ated by the Cartan generator H E [9]. This is in precise analogy with the heat 
equation satisfied by the classical Jacobi theta series. 



^^This is sometimes referred to as "quantizing the quasi-conformal action" , which may cause some 
confusion since the quasi-conformal realization is quantum mechanical already. 
^''For nv < 3, the lowest i^-type is a singlet of SU{2), but non-singlet of Conf(J). 
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which follows from quadratic relations in the minimal (i.e. metaplectic) representation 
of Sp{A) D Sl{2). In this restriction, the generator k e G+2 becomes central and can 
be fixed to an arbitrary non-zero value, reducing the total number of variables from 
ny + 2 down to + 1. The usual topological amphtude ^]s.{p^) should then arise 
as a "Fourier- Jacobi" coefficient of a "generalized topological amphtude" ^gen(p^, k) 
at = 1. The extension of these considerations to realistic cases without symmetry, 
possibly along the lines explained at the end of section 7.4.3, would clearly have far- 
reaching consequences for the enumerative geometry of Calabi-Yau spaces. . 

7.6 Automorphic Pcirtition Functions 

We now return to our original motivation for investigating the radial quantization of 
BPS black holes, namely the construction of partition functions for black hole micro- 
states consistent with the symmetries of the problem. We shall mainly consider the toy 
model case of very special H — 2 supergravities, but will briefiy discuss the applications 
to A/" = 4 and J\f = 8 supergravity at the end of this section. 

In the previous sections, we discussed how the mini-superspace radial quantization 
of BPS black holes gives rise to Hilbert spaces of finite functional dimension, furnishing 
a unitary representation of the three-dimensional duality group G3 = QConf(J). It is 
natural to expect that G3 should serve as a spectrum-generating symmetry for black 
hole micro-states [8,174,186,187]. Indeed, it already serves as solution-generating 
symmetry at the classical level, although it mixes bona-fide black holes with solu- 
tions with non-zero NUT charge k. Thus, we propose that the black hole indexed 
degeneracies Q(p, q) be given by Fourier coefficients of an automorphic form Z on the 
three-dimensional moduli space Ms — G{X)\G / K . More specifically, consider 

0(p^ qi- U, z\ i) = J dC' dO da e-'P'^^^'^^'^' Z{U, z\ i; (/, (7-97) 

where the integral runs over a fundamental domain < (C^, C/, c) < 27r of the discrete 
Heisenberg group. The left-hand side is in principle a function of U, z^,z^: one should 
view Z as the partition function in a thermodynamical ensemble with electric and 
magnetic potentials and (i, temperature T = e^^uip and values {z\z^) for the 
vector-multiplct moduli at infinity. Provided Z is annihilated by appropriate differential 
operators, the dependence on z\ z^ will be entirely fixed by the charges ,qi, and 
leave an overall factor identified as the actual black hole degeneracy: 



Q(p^ qi; [/, z\ = Q(p^ qi) %^,{U, z\ r) 



(7.98) 



Now, there is a natural way to construct an automorphic form which satisfies these 
requirements: for e & G, take 

Z{e) = {MpmK) (7.99) 

where p is a unitary representation oi G, K a spherical vector and fz a G(Z)-invariant 
vector in this representation. This last condition guarantees that Z{g) so defined is a 
function on G{7j)\G/H. We comment on ways to compute fz below. In particular, 
one may take for p the quasi-conformal representation described in Section 7.5.1: the 
function <l>p g in (7.98) is then just the black hole wave function (7.84) (with the de- 
pendence on C,^ and C,i stripped off), while the integer degeneracies VL{p, q) are encoded 
in the G(Z)-invariant vector fz- In this case, it is known that the Fourier coefficients 
have support only on charges with /4(p^, qi) > [188]. One could also consider smaller 
representations associated to the subspaces X,Y ov Z of V: the coefficients ^{p,q) 
would then have support on charges with ^{p, q) = 0, dl^ = or (Pl4^ — 0, and would 
presumably be relevant for 'small" black holes with 3, 2 and 1 charges, respectively. 

Thus, we have reduced the problem of computing the black hole partition function 
to that of constructing a G'(Z)-invariant vector in a unitary representation p of the three- 
dimensional duality group G(Z) [8]. This is a difficult problem, but there is a powerful 
mathematical method, known as the Strong Approximation Theorem, which allows to 
address this question (see [175] for a pedestrian introduction to these techniques): this 
theorem states that functions on G{Z)\G{M.) are equivalent to functions on G'(A)/G(Q), 
where A is the field of adeles, i.e. the (restricted) product of R times the p-adic number 
fields Qp for all prime p, with Q being diagonally embedded in this product. Since G'(Q) 
is the maximal compact subgroup of G{A), the problem of finding fz is reduced to that 
of finding the spherical vector over each p-adic field. This point of view has been applied 
to find the G'(Z)-invariant vector of the minimal representation for simply-laced groups 
in the real form in [189]. It would be very interesting to construct the automorphic 
forms attached to quasi-conformal representation, and see if their Fourier coefficients 
have the required exponential growth. 

We close this section by noting that the construction of automorphic partition func- 
tions outlined in this section can also be applied, after suitable analytic continuation, 
to the case of A/" = 4 and J\f — 8 supergravity, which have a clear string theory realiza- 
tion. While the three-dimensional moduli space is no longer quaternionic-Kahler, there 
are still unitary representations associated to the symplectic space V and its subspaces 
X, Y, Z, and one can still define Fourier coefficients of the type (7.97). For J\f = 8 su- 
pergravity, we expect that exact degeneracies of 1/8-BPS, 1/4-BPS and 1/2-BPS black 
holes to be given by automorphic forms of i?8(8) based on V, Y, Z, respectively (since 
the 1/4 and 1/2 BPS conditions are dl4{p, q) — and d'^Ii{p, q) — 0, respectively [186]). 



-87- 



For Af = 4: supergravity, wc expect 1/4-BPS states to be counted by an automorphic 
form of SO {8, riy + 2) (where is the number oi Af — A vector muhiplets in 4 dimen- 
sions) . This proposal is distinct from the genus 2 partition function outhned in Section 
2.5, and would have to be consistent with it at least in the large charge regime. In this 
respect, it is interesting to remark (see Exercise 21 below) that <S'p(4) can be viewed 
as a "degeneration" of the three-dimensional U-duality group QConf(J) (for any J), 
upon collapsing all electric and magnetic charges and qj to just two charges p, q. 
Thus, our proposal has the potential to resolve differences between black holes which 
have the same continuous U-duality invariant, but sit in different orbits of the discrete 
U-duality group. 

Exercise 21 Show that the root diagram of Sp{4:) is "tic-tac-toe" -shaped. Compare to 
the root diagram of QConf{J) in Figure 6 on page 82. 

8. Conclusion 

In these lectures, wc have reviewed some recent attempts at generalizing the microscopic 
counting of BPS black holes beyond leading order. Our main emphasis was on the 
conjecture by Ooguri, Strominger and Vafa, which relates the microscopic degeneracies 
of four-dimensional BPS black holes to the topological string amplitude, which captures 
an infinite series of higher-derivative corrections in the macroscopic, low energy theory. 

By analyzing the case of "small" black holes, which can be easily counted in the 
heterotic description, we have found that the topological amplitude captures the mi- 
croscopic degeneracies with impressive precision. At the same time, it is clear that 
some kind of non-pcrturbative generalization of the topological string is required, if 
one wants to obtain exact agreement for finite charges. 

Motivated by the "holographic" interpretation of the OSV conjecture as a channel 
duality between radial and time-like quantization, we studied the quantization of the 
attractor flow for stationary, spherically symmetric black holes; this was achieved by 
reformulating the attractor flow as a BPS geodesic flow on the moduli space in three 
dimensions. Using the Penrose transform, we were able to compute the exact radial 
wave function for BPS black holes with fixed electric and magnetic charges, in the 
supergravity approximation. It would be interesting to try and include the effect of 
higher derivative corrections, as well as relax the assumption of spherical symmetry. 

Contrary to the suggestion in [7], the BPS wave function bears little ressemblance 
to the topological string amplitude. There is however evidence from the symmetric 
space case that there exists a "super-BPS" Hilbert space which can host the topo- 
logical string wave function, or rather a one-parameter generalization thereof. In the 
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general non-symmetric case, this generalized topological amplitude should be viewed 
as a tri-holomorphic function over the quaternionic-Kahler moduli space (or rather, 
the Swann space thereof). Using T-duality between the vector-multiplet and hyper- 
multiplet branches in 3 dimensions, it is natural to expect that it should encode in- 
stanton corrections to the hypermultiplet geometry in 4 dimensions [190]. 

These considerations lend support to the idea that the three-dimensional duality 
group should play a role as a spectrum-generating symmetry for 4-dimensional black 
holes . Our framework suggests that the black hole degeneracies should be indeed be 
related to Fourier coefficients of automorphic forms for the three-dimensional U-duality 
group G, attached to the representations of G which appear in the radial quantization of 
stationary, spherically symmetric BPS black holes. It would be interesting to construct 
these automorphic forms explicitly, and have a handle on the growth of their Fourier 
coefficients, similar to the Rademacher formula for modular forms of Sl{2,Z). 

The most direct application of our framework is to BPS black holes in the FHSV 
model, since this is a quantum realization of the very special M = 2 supergravity 
with J = R © Fg i; in this case, we expect that the black hole partition function is 
an automorphic form of 5*0(4, 12, Z), which it would be very interesting to construct. 
With some minor amendments, our framework also applies to A/" = 4 and J\f = 8 back- 
grounds in string theory, whose three-dimensional U-duality groups are SO {8, 24, Z) 
and £^8(8) (^)- In the M — 4 case, our proposal differs from the DW formula, which 
relies on an automorphic form of 5'p(4, Z), but has the potential to distinguish black 
holes which have the same continuous U-duality invariant, but sit in different orbits of 
the discrete U-duality group. For M = 8, the entropy of 1/8-BPS BPS black holes in 
a certain orbit was computed using the 4D/5D lift in [8,191]. It would be interesting 
to see if an agreement with these formulae can be reached at least for certain orbits. 

The extension of these ideas to general M = 2 string theories, possibly using the 
monodromy group of X as a replacement for the U-duality group, is of course the most 
challenging and potentially rewarding problem, as it is bound to unravel new relations 
between number theory, algebraic geometry and physics. 
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